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PREFACE. 



This book is designed to present to the student and engineer 
that part of the subject of street-railroad construction which 
is to be performed by the civil, rather than by the electrical 
engineer. It therefore includes, besides the trigonometrical 
problems pertaining to railroad curves, the general principles 
governing the choice of site, grades and curves. It is assumed 
that «very one using the book will be familiar with the prac- 
tice of land surveying and with the manipulation of surveying 
instruments, and no space is given to these subjects. 

The arrangement is believed to be that which gives the best 
result in the classroom, while the form and size are convenient 
for use in the field. Every principle is illustrated by the solu- 
tion of a numerical example, and at the end of each article 
several problems are proposed to test the proficiency of the 
student. 

Especial attention is called to the presentation of the subject 
f compound curves and the use of them as transition curves. 
The table prepared gives the deflection angles from every chord 
to every point on the transition curve which is located by 
rationally increasing radii. It is explained how this table may 
be applied to main curves of radii between forty and twenty- 
five hundred feet. A similar table adapted to steam railroads 
is given by Mr. Godwin in his ** Railroad Engineer's Field- 
book." 

It is hoped that this book may be instrumental in obtaining 
for street-railroad construction the same degree of precision 
and permanence that is found in the best examples of Ameri- 
can steam-railway practice. 

John P. Brooks. 

Lbzinoton, Kt., Sept. 24, t897. 
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RAILROAD CURVES. 



Art. 1. Trioonometrical Relations. 

Railroad carves are, in general, arcs of circles, and other 
forms which are sometimes employed will be considered else- 




where. Id Fig. 1, AFB is a cui've ^omVug, Xvjo «Xx«a^\. XvskSSi 
or tangents EV an<? (? F, tangeal at A axici B ^^^^^cXa^^N.-^ 



8 EAILROAD CUfiVES. 

The initials of tlie words Point of Curve and Point of TaA 
gency, P.C. and P.T., indicate the beginning and end of the 
curve. The lines A V and B V are called Tangent Distances, 
T» The distance AB is called the Long Chord to distinguish 
it from any other chord, C, as AP, On the line VO, joining 
the vertex and the center, VFis the Ex'.ernal Distance, E, and 
FQ the Middle Ordinate, M. The exterior angle at F between 
the tangents is the Intersection Angle, /, which equals AOB» 
and the angle between any chord and a tangent at the end of 
the chora is a Deflection Angle, d. 
In Fig. 1, ^0 is perpendicular to A F, hence 

AV^AOiKuAOV, 
or J = i? tan — , 

and i? = J cot 5-. 

Let OR be drawn perpendicular to AP, then VAP = \AOP 
^ AOE, and 

From Fig. 1, AB = 2 J cos J/; 

AB = 2RB\niI; 

also AB = 2McoHL 

The relation between the length of an arc and its subtended 

angle is the same as that of a semi-circumference to IdO"*; 

hence if L be the length of AFB, L : AOB = nB : 180% 

11 
whence L = IR-r^, or 

L = .0174533/i?. 

in which / is the angle AOB expressed in degrees and fraction 
of a degree. 

In Fig, 2, QF^OF-- PC, or ij - i? cos - ; then 
JTrr Ii{l - COS ^] = R vets -\ 



TfttOOKO^EXtttCAl lt£LATt0KS. 

In the triangle VFB the angle VBF = - and £ YF 

4 

l(iaO - /) ; ao 

FF : Fi5 = sin FJ?-P: sin VFB, 

or i2 =s 2' tat r- : 

4 



alsc 






= i?exsec — 

Many other equations maj be fonned by solving any of the 
above for a different factor ; for example, let it be required to 
determine the proper radias for a curve that shall pass 11 feet 
from the vertex of its tangents, which make an intersection 
angle 65* 32'. Fiou^ the next to the labi equation, 






_ 32 X .84089 „ , * . 
^= .15912 =g8-l^^* 

With a table of exsecants at hand the labor of computation 
is somewhat lessened by using the next formula to that 
selected. 

Prob, 1, In the above example compute the tangent dis- 
tance, long chord, midHle ordinate, and the deflection angle 
from the tangent tc a 10-foot cboid. 
Prob. 2, Gjven : £^ = 4 C^ tee\ M = ^^'i \^^V ^jQa^^^NiNA 
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Art. 2. Locating Curves. 
(a) By Offsets from a Tangent. — In Fig. 2 the distance along 




the tangent from A to the foot of an offset, as c', and the lengtb 
of the offset, c'c, are given by 

Ac'= t = R sin cOA, 

and cc' = / = 1 — i? cos cOA ; 

or / = -R vers eOA, 

C* 

Let C be the length of any chord, as Ae, then / = --. 

If the angles cod, doe, eof, ... be equal, the arcs subtending 
them will, of course, b^ equal, which is a better arrangement 
than to make Ac\ c'd\ . . . equal. In the field, after t is 
fixed, Ad' is measured and d is located at the intersection of 
arcs of radii dd' and dc, with less chance of error than by 
erecting a perpendicular at d' , For example, let it be re- 
quired to set stakes 10 feet apart on a curve of 50 feet radius 
and / = 88' 24'. 

sin \rAOC = 4 = -100, and AOC = W 28 . 

*,= 50 X sin 11*28' = 9 94 feet ; 
t. = 50 X s'm 2 . cOA = 19.48 feet ; 
r, = 50 X sin 3 . cOA = 28.25 ; 
t4 = 50 X SID 4 . cOA = 35.8^. 
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The corresponding offsets are 1.0, 8.95, 8.74, and 15.18 feet 
The number of arcs in the curve is found from 88** 24' -^11* 28' 
to be 7 4~' '^'^^ points A and B are located bj measuring 
from Kthe tangent distance T= R tan \I, and four arcs of 10 
feet chords maj be laid off from A and three from B. The 
remaining chord, c = 2/i sin J(88' 24' - 7 X ir 28') = 7.09 
feet, whose measurement affords a test upon the accuracy of 
the work. 

Prob. 3. In the above example compare the length of the 
curve with that of ,the eight chords. 

(d) By Offsets from a Chord.— In Fig. 8 it is required to 




Fig. 3. 

locate the curve ACB by offsets from the chord AB. The 
distance Cc' is first determinea by J/= i?ll — cos — I. Then 
any offset, as hb\ is c'C — Ce, 

bb = e'C - i2(l - cos COb% 

or bb' z= cC - B vers COb, 

and eb' = B sin COb. 

A and B are fixed by measuring tbe tangent distances 
from V. 
For exampie : to locate poiiits teti \«i^\. ^y^^>- «^ ^ ^ix^x^^ 
when the long chord and xadim are gwexi «.^^'bA\^^'^^^^'^^^ 
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feet respectively, -4, and B being fixed. Sin t^I^ gTrr; ai*d 

/= 80' 56'. J/ = i?(l - cos 40" 28') = 10.76 feet. The angle 
subtended by a chord of ten feet will be 12° 46', the distances 
from the middle of the chord to the offsets from c'A and c'B 
will be 9.95, 19.40, and 27.89, and the offsets 9.65, 6.36, and 
1,08 feet respectively. The small chords at the ends of the 
curve are found to bfe C"= 2E sin }(80" 56- 6 X 12° 46') = 1.70 
feet. If it be desired to have the equal chords begin at A, the 
first arc COb will be 2° 10' and the second 12° 46'; the first arc 
on the right of the middle will be 10° 86', and the last one 
4° 20'. Since the points on the curve are no longer symmetri- 
cal with respect to Cc\ the offsets and distances along the 
chord must be computed for each one. 

On very flat arcs the middle ordinate is if = 5-= without 

oJti 

material error. 

(c) By Intersection of Two Chords. — If, in Fig. 4, the chord 

Aa be assumed, the chord aB can be computed by 

aB = 2RBmi(I-A0a), 




^d subtends twice the arc A Oa and hOB = I - 5lA0a TVx^ 
chords from each point to A and to B may t\iua'bft com^xiX.^^ 
^^dan^ point, as b, locatea hj intersecting a smaW axe ot i^Avoa 
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Abhy one of radius Bb. This is done by first determining 
within a foot or so where the point will fall and driving tem- 
porary stakes, one inside and one outside the curve, about two 
feet apart, into which nails are driven on an arc of radius Ab, 
and a string is stretched between them. The divergence of 
this chord from its arc will be inappreciable, and the point on 
the string and the arc of radius bB will be directly over b. 
This is not a good method of locating curves unless each of the 
chords is l.rsss than the length of the tape ; it may, however, be 
applied to longer curves by first locating the middle of the 
curve by measuring the external distance from V toward 
and locating the intermediate points in the manner described 
above. For example, let /= 96' 42' and i2 = 60 feet. E will 

be 80.28 feet, and the chord of — equals 49.14 feet, so the 

middle point of the curve may be found at the intersection of 
arcs of these radii from V and A respectively as centers. The 
points 10 feet from A and from B will be 39.84 feet from the 
middle, those 10 feet from the last will be 30.27 feet from the 
middle, and so on. 

{d) By Offsets from a Chord produced. — The angle mab, Fig. 
5, between a chord and the previous chord produced is the 



Fic. 5. 



same as that at the center subtended by the chord, and the 
angle betweec the tangent and the first chord VAa is one half 
this amount, or. if bam = d, 
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mb = Csin-d, 
ma = C cos d. 

The lengtb of the last cLord, e\ ending at B will subtend 
an angle at tht center of 7 — nd, when n is the number of 
cbords laid oft from A: 

C' = 2i?sin J(7 - nd). 

This is an effective metbod of setting tbe stakes on a curve 
witbout tbe aid of an instrument. Tbe intersection angle, if 
unknown, may be approximately determined bj laying ofi 
Vz = Vy on VA and VB and measuring xy \ tben 

/ xy 
cos - = '^ 



2Vx 



Tbe points A, B and a are fixed as described before. Tbe 
ring at tbe end ot tbe tape is booked over tbe nail in stake A, 
and C -{■ am is measured on Aa produced, locating m. Tbe 
ring is tben booked at a, and tbe mark €-{■ mb beld at m ; tbe 
division on tbe tape indicating a cboid distance from a will be 
over b wben botb s ctions of tbe tape are drawn taut 

For instance, let Vx = 50 feet, xy = 72.02 feet, and /? = 45 
feet, to set stakes 10 feet apart on tbe curve. Cos J/ = .7202, 
/= 92' 08. T = 46.71 feet. Sin Jd = .1111, d = 12** 46. 
Tbe last cbord will subtend an angle of 92 08 - 7 (12° 46 ) or 
2** 46' and be equal to 2.17 feet Tbe cbord produced will be 
am = 10 cos 12' 46' = 9.75 feet, and mb = 10 sin 12* 46' = 2.21 
feet. 

(e) By Cbords and Deflection Angles. — If tbe cbords in Fig. 6 
be all equal, tbey will subtend angles at A, eacb equal to VAa 
or (2, wben 2d is tbe angle at tbe center of tbe curve subtended 
by tbe same cbord. Tbe angle at any point on tbe curve, as 6, 
between a cbord from A produced, and tbe cbord bd from b to 
any otber point on tbe curve, is tbe same as tbe angle at A 
between tbe tangent and Ad; 

or gbd = VAd, 

also ecd = VAc or a Ad. 

W7/A the iDstrument at A tbe first chotd Aa \a m^««v««»^ 
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making an angle d with A V. The angle VAg is next deflected 
from the tangent, and with the end of the tape at a, the mark 
indicating ihe length of chord is moved through a small arc till 
it comes into the line of sight, when the point h is located. If 
the transitman be unable to read the graduation.* on the tape, a 
pencil may be held vertically on the proper division, and he 
will order it moved to the right or left till it is bisected by the 
line of sight. 

After several points have been located from A in the manner 
describ(*d above, the chords between them become nearer and 
nearer perpendicular to those from A, and hence successive 
points are fixed with less precision than those nearer A. In 
Fig. 6, if the end of the tape be at d, the pencil, held on the 
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proper division in swinging through the arc of radius dB will 
move with reference to ^^ nearly as the sine of AdB varies. 
If this angle be near 90°, a small movement along the small arc 
could not be detected bj the transitman. and in an extreme 
case B migbt even be located at m. The proper method is to 
move the instrument to a point on the curve whose deflection 
angle from the tangent is about 45' and to locate the remaining 
points from there. 

Before beginning the work ot running the curve the deflec 
tion angle for each chord and the total deflection from the 
tangent to each point are computed and tabulated as shown 
below. When the instrument is mo^eci Ixoxsi A \.<^ ^«yKs& ^v&sss^ 
as b the back-sight is taken to an^ ol \\i^ ^cyvYv\,% ^t^^^^.^^ "^'^^^> 
pre/era W/ir^igtanT one. tvit\it\iexeT^^^^ ^^V -aN^^^ ei^"^^'Cx'^x:v 
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from the tangent to the chord from A to that point, so that the 
vernier will always read zero when the telescope is pointed to 
A. The line of sight is turned through 180**, either in azimuth 
or by revolving the telescope on its axis, and the veriner read- 
ings for all the following points are given in the column of 
total deflections in the following field-notes for the curve in 
Fig. 6: 



Station. 


Distance. 


Chord Deflection 


Total Deflection. 


A 





O'CO' 


0»00' 


a 


C 


d 


d 


b 


C 


d 


2d 


c 


C 


d 


3d 


d 


C 


d 


4d 


B 


C 


d' 


K 



If the instrument be at c and a back-sight is taken to A, the 
vernier reading is zero; if to a or h, readings taken from the 
notes are d or 2d. The telescope is turned through 180° and 
the notes indicate that 4(Z is the proper setting for locating the 
point d. The last deflection is \I — 4d, and the measured and 
computed lengths of dB should agree. 

As an example let it be required to make a table of field- 
notes for a curve whose radius is 50 feet and intersection angle 
106" 18'. Then T = 66.72 feet. The deflection for a chord of 
10 feet is sin (Z = 5 + 50 = .10000, d = 5" 44'. The length 
of the curve is 92.75 feet, so the last chord will subtend an 
angle of 106 - 18' less 9 times 11° 28', or d' = V 33' and C" = 
2.71 feet. 



Station. 


Distance. 


Chord 
Deflection. 


Total 
Deflection. 


Remarks. 


P. C. 


Ofeet 


0* OC 


0» 00' 




a 


10 


6 44 


5 44 




b 


10 


5 44 


11 88 




c 


10 


5 44 


17 12 X 


c Transit Point 


d 


10 


5 44 


22 56 




e 


10 


6 44 


28 40 




/ 


10 


5 44 


84 84 




^ / 


JO 


5 44 


40 08 X 


{/Transit Point 


10 


5 44 


i 4b &i 


\ 


r, ' / 


10 


5 44 


\ ^\ aft 


\ 


P. T. / 


2.71 


1 33 


\ ta w 


\. . 



LOCATING CURVES. 1 



fv 



With tlie transit at g^ to take a back-sigbt on c the vernier 
should be set at 17*" 12', the total deflectioo for c. Tbe read- 
ings for hf i, and P T. are the values in the fourth column 
opposite those stations. 

When the intersection point or points of curve or tangency 
are not situated so that they may be occupied by the instru- 
ment, the curve may still be located by one of the foregoing 
xdethods. If any line, as xy, Fig. 7, be run from a point on 
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one tangent to a point on the other, the sum of Vxy and Vyx 
will be the intersection angle. In the triangle Vxy, Vx and 
Vy may be computed when the angles and the length of xy 
are known r then the radius having been assumed, ^ F is com- 
puted and hence xA is known. Offsets to the tangent may be 
computed for assumed distances from A and B, 

Prob. 4. Given / = 85" 26' and E = 21.66 feet. Compute 
offsets and distances along the long chord for points 10 feet 
apart on the curve. 

Prob. 5. If a chord c subtends an arc d, compute Ca , Cs , d, 
and Ct for arcs 2ef, dd. Ad, and 5ef. 

Prob. 6. Given: Vx = 25 feet, xy = 33. S feet, and E = 
S6.0 feet. Make the computations necessary in laying out the 
curve in eight equal chords (Fig. 5). 

Prob. 7. Make table of deflection angles when / = 106** 18' 
and /? = 80 feet, and compute the difference between the length 
of the curve and that of the sum of the chords. 

Prob 8. With the transit at P. C. when i? = 80 feet and 
Z^ 150% bow far could a point near \\ie ?.'^. q»\^ ^ ^'?i.^v4s»^\ 
5 feet and center at the poirtt next to W\eP.'\.,\i^^ ^^'^^^*^'^- 
out departing more than 0.01 feet from \Xie cV t^^ C . — ^ "^ ^ 
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Art. 3. Changing the Radius. 

(a) To change the Radius to agree with a given change in 
the Tangent.— In Fig. 8,-40 is the radius of the curve AB 




Fig. 8. 



whose tangent is ^ F; it is required to find the change in the 
length of the radius that A may be moved to A', In the tri- 
angle OCTD, O'D = OD cot 00' D, or 

J5'-J5=(r'- r')cot~. 

The new radius will be greater or less than the first accord- 
ing as VA' is greater or less than VA, 

{b) To change the Radius to effect a given change in the 
External Distance. — It is required to determine a radius that 
shall cause the curve to pass through C instead of through C 

in Fig. 8. The distance FC = J? -J- cos - — jB, 

and VC = i2' h- cos ^ — R, 

VC - VC 
then E''-R= ^ j. , 

sec--l 
or ^' — ^ = CC" exsec-. 
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If W be measured, tlie difference in radii is found numeric- 
ally. 

(c) To change the Radius so 
that from the same P. C. the 
curve shall end in a parallel 
tangent at a given distance 
from the original one. — In Fig. 
9, V'B' is parallel to VB, and 
the required change of radius is 
00'. If BD be parallel to 00\ 
B'D and BD are each equal to 
0(7, and B and B* are on the a\ 
arc of a circle of radius B' — B 
and center D\ Fio. 9. 




then 



(B' -B) = ~^. 
vers I 



or 



(i?' - 12) = 



X 



2 sin* ^ 



in which x is the distance between the two positions of the 
tangent. The formula is equally applicable when second tan- 
gent is inside the first. 

(d) To change the Radius so that the curve shall end in a 
parallel tangent directly opposite the original P. T. and a given 
distance from it. — In Fig. 10 the change in length of the tan- 
gents is D F', or 

{T' " T) = BV. 



{B* — B) tan — = a; cot /; 
3 



then B' — B = X coi I cot ^ , 



also 



jB'- i2 = 



X 



exsec I' 
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Tlie new curve will begin at A\ and when R' — JS or 0^(7 is 
known AA! may be computed. 

AA: = {E' - B) tan /, 



also 



A A' = X cot — . 




Fio 10. 

The method of computation is the same whether the new 
tangent is outside or inside the original one. 

(e) To change the Radius to agree with a given change in /. 

1st. When P. C. remains unchanged. 

In Fig. 11 the change in / is BVB" and, if the P. C. re- 
mains at At 00" is the required change of radius. Since AV 
is common to both curves, 

B' tan — - — = B tan — — ; 

B' = B tan - cot ^, 

in which i?' is the only unknown quantity, since 1' — I ± the 
^j'ven change J5VB*'. 

3d. When the P. T. remains unclianged. 
lender this condition the vertex Is moved txom V V> V «^^^ 



CHANGING THE RADIUS. 



*>1 



the given cbange of /is VBV* in Fig. 11. Since B is fixed, 
its distance from ^ F is 

-5' - i?' cos i' = i? - i? cos J, 




^^• 



Fig. 11. 

in which the algebraic sign of cosine /' and of cosine / must 
be observed, 

or iJ* = 22(1 - cos /) H- (1 - cos /'), 

.vers / 



also 



R = R 



vers/'' 

Since A'(y is parallel to AO, the distance from B to each is 
R' sin /' = J? sin /, 
or AA' = R' sin F- R sin /, 

which determines the position of the new P. C. 

For example, let i? = 60 feet and / = 106** 30'; it is required 
to determine the radius and P. C. of a curve that end at the 
same P. T. making /' = 110'. 

R' = 60(1 - cos 106" 30') -^ (1 - cos 110"), 
R = 57.4 feet. 
AA' = 57.4 sin 110** 00' - ftO am \W %V ='^,^lwJ^ 
The new P. C. will be on A V, SftO ieet liom A* 



i 
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(/) To find the radius of a curve whicli shall pass througli 
a given point and connect two given tangents. — Let VA and 
VB in Fig. 12 be the given tangents, and P the given point lo- 




Fio. 18. 

cated by an offset x from VA distant y from the vertex. If a 
point P' be located fromF5 with the coordinates x and y, the 
required curve will pass through it and PP' will be perpen- 
dicular to the line bisecting A VB, Then tan A VP = x-^y, 
and PVF = i(180 -I)-AVP; hence PVF may be com- 
puted. PV= ^~x^ -f y*, and therefore PF and VF may be 

found; also in the right triangle EVF, VE= Fi^-f- sin/, 
and FE= VF cot — , from which the numerical values of FB 

i 

and VE may be determined. Then 

EA = V P'FXPE, 

and VA= VE-\-EA, which is the tangent of the required 
curve whose P. C. is at ^. The radius may then be computed, 

/ 

R = VA cot — . If the tangents are located, P'P and PE may 

be measured instead of being computed. 

J^or example let, 1= 120°, y = 80 feet, and x = ^0 l«^\.,\.o ei©- 
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tennine T and n. Here tan -4 FP = .250, AYP^ W 03', and 

FYF= 15" 58'. P F = V 400 + 6400 = 82.46 feet. PF = 
82.46 sin 15" 58' = 22.69 feet. VF = 82.46 cos 15" 58' = 79.28 
feet. VE = 79.28 -^ .8660 = 91.54 feet. Then 



EA =1^23.09 X 68.47 = 39.76 feet, T= 131.30, 
amd i? = 131.36 X .5774 = 75.8 feet. 

Prob. 9. Given : /= 75" 32', if = 50 feet. It is required 
to find the radius of a carve tliat shall connect the same tan- 
gents and pass 2 feet farther from the vertex. 

Prob. 10. In Fig. 12 let aj = 15 feet, y = 65 feet, and J= 
96". Find the radius. 

Prob. 11. Given : 1=87" 20' and i2= 60 feet. What is 
the radius of a curve that will connect the same P. C. with a 
parallel tangent 4 feet outside that through the original P. T. ? 
What will be the new tangent distances? 

Prob. 12. If, in the above problem, the second P. T. be op- 
posite the first, compute the new radius and the necessary 
change in position of P. C. 

Prob. 13. Given : 1 = 100", i' = 105", and i2 = 65 feet. Com- 
pute the length of the new curves when P. T. is changed and 
when Fis changed. 

Art. 4. Shifting the Curve, 

(a) To move the Point of Curve along the tangent so that 
the curve may end in a tangent par- 
allel to the original one and at a cer- 
tain distance from it. — Let x in Fig. V 
13 be the distance between the two V 
tangents, then 

FF = ^^'=aj-i-sin/, 

because J.' O'jB' = AOB, since AB is 
moved bodily without change of di- 
mensions to A'B*, 

(6) To move the curve so that both 
the Points of Curve and ot Tan- ^\^-\^. 

gencjr may he on tangents paraWeV to \Ai^ loxxsy^x o^n«s» "^^^^ 
at given distances from them.— In ¥\g. \\ V\^^ cax^n^ AB ^sv^'^ 

i 
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be transferred to A!B by first moving A along -4 F till B is on 
VB' ; the curve will then be shown by the dotted line DEt 
and J^may be moved along Y'B' till 2> is in F'^', when A'B' 




Fig. 14. 



will be the required curve. Then F is the point on J. F op 
posite A , and 



^^_£+ycos/ 
sin 1 ' 



in which x is positive when tangent through P. T. is moved 
out, y is positive when tangent through P. C. is moved in, and 
cos /is negative when /is greater than 90°. When the tan- 
gents are moved in opposite directions, the distances x and y are 
negative, and when AF is found to be negative it means that 
Fi3 on VA produced. 

For example, in Fig. 14 let it be required to transfer the 
curve AB to A'R when y = 3 feet, x = 4.2 feet, /= 95* 
22', and if = 50 feet. In this case x is positive, y is positive, 
and cos /is negative ; therefore 



AF= 



4.2 - 3 X .0935 
.9956 



^F= 3.94 feet, 

and ^^ is located by me&snring forward S.94 ieftl mi^ ^x^oXYa^ 
» perpendicular offset of 3 feet at F, 
-^ j'n the above example, the tangent tlirougVi iVeP.'^. ^ft^«> 
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"' , . , , , . . ^ 4 ri - 4.2 - 3 X .0935 

moved in, a? would be negative and AF= r^^r^ 

.Vvoo 

= — 4.50 feet ; hence F would be on VA produced. 

(c) To move the curve to agree with a given change in di- 
rection of the tangent through the P. T.— In Fig. 15 let BVB' 




be the given change in I, V remaining fixed ; then 



Fil = -Btan -, 



hence 



VA' = i? tan - ; 



AA' =^ Uf tan - - tan - Y 



If A A' becomes negative from the above equation, A' is on 
VA produced. 

When the given change in direction is from a different vertex, 
as shown in Pig. 16.— The change m Wi^ po^\\AsyQ. ^ISX^^"^ »^. 

dufi to the chaugfi in / is. as above, R U«ji - - ^»•^ Vf ^^^ 
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any change in the position of the vertex will cause an equal 
change at the P. C. ; hence 

AA = n ^tan | - tan ^' W VV, 

in which the proper algebraic signs must be observed. 

For example, let if = 60 feet, /= 80°, 1' = 114% and FF' = 
6 feet from F toward A, Here AA* = 60 (0.83910 — 1.58986) 
— 6.0= —48.05 feet, and hence the curve will begin 48.05 
feet from A on VA produced. 





Fio. 16. 



Fia. 17. 



(d) To locate the P. C. of a curve of given radius which 
shall pass through a point at a given distance from the tan- 
gent. — In Fig. 17 let P be the point, distant x from AE, 
through which it is required to pass the curve of radius E. 

Then 

cos 2SAP= (R-x)-h R, 

and EA-=x cot EAP, 

which gives the location of the point of curve. 

{e) To locate the P. C. of a curve that shall pass at a given 
distance from a point whose distance from ti\i© \,«iii^fttk\. \a 
Jrnonrn. — In Fig. 17 let it he required to locate a c\vtn€> \Axv%fexv\. 
^ ^^tbat shall he a distance y from P wliicVi \a x Itom AE. 
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If a circle of radius yhe drawn with a center at P, it will be 
tangent to the required curve ; therefore 

cos A OP = (if - jr) -4- (l? + y). 
and EA' = (if -j. y ) sin A' OP, 

also EA* = (if + y)* - (if - x)\ 

which is sufficient to fix the point of curve. 

The given distance y may be between P and the tangent, in 
which case 

cos A''0"P = (if - a;) -^ (if - y), 
and EA" = (if - y) sin A"0"P. 

It is evident that y cannot be greater than x unless the curve 
is in the opposite direction. 

For example, let the line midway between the rails be 18 
feet from the curb, to locate the P. C. of a curve of 45 feet 
radius that shall pass 11 feet from a given curb corner. The 
curb corner is represented by P in Fig. 17 ; then cos A'^0"P = 
(45 - 13) -I- (45 - 34), or A" O'P = 37** 26'. Then EA* = 34 
sin 87' 26' = 20.67 feet. 

Prob. 14. The middle line of a railroad-track is to be 20 
feet from the curb ; a curve is to begin opposite a point on the 
curb 22 feet from the curb corner, which is to be 12.8 feet from 
the middle line of the curve. Find the radius. 

Prob. 15. The middle line of a track is 18 feet from the curb ; 
a curve of 50 feet radius, away from the curb, is to pass 30 
feet from a given point on the curb. Find the length of a 
chord from the P. C. to the part of the curve nearest the given 
point. 

Art. 5. Compound Cuhves. 

The curve AGB, Fig. 18, is called compound from the fact 
that it is a combination of curves of dlftetewt tft.d\v, «& AO^ 
CO', and DO". The points C and D uit^ desv^\i^\fcei.^Qvo.\5e. ^V 
Compound Ciirvative, P. C. C. T^ie axmxol ^^wv^'^'a* ^^^> 
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CO'D, and DO"B equals tlie deflection angle at F and the 
tangent distances VA and VB are of unequal lengtlis. 





Fig. 18. 



Fig. 19. 



In Fig. 19 the center of tbe second curve is on the radius of 
the first produced, and the curves are in opposite directions. 
Such a condition is a special case of compound curves which is 

termed Reverse Curve. The place 
where the radius AO changes to 
li(y is called tlie Point of Reverse 
Curvature, P. R. C. The radii OA 
and (yR may or may not be of 
equal length, and the difference 
between the central angles, and 
0\ is that between A V and BV. 

(a) To locate a eoiii pound curve 
Fig. 90. between two given tangents when 

the radii, J, and one tangent are known. 

1st. When the distance from the vertex to the P. C. of the 
flatter curve is given. — In Fig. 20 it is required to locate a com- 
pound curve beginning at A, distant Ti from. F, and ending on 
/^ with radii AO, == R^ and CO^ = R,. 
^ ^<^ be produced to F, making -4.0iF= I, tliexL 
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so 



(i?, tan il- r,) sin J+ i?a + (i?i - R^) cos 0, = -Bi; 
cos 

Ti sin /+ i?, cos /- 2?, 



0, = l-(«^i^)sin/: 



cos 0» = 



i?l — /?9 



in which the algebraic sign of cos /must be observed. If T be 
larger than Bi tan |J, the problem is incapable of solution. 
In the triangle VHK, EK= Bi tan JOi + i?a tan JO, ; 



then 
and 



F^=iZ^?^^' 



sin/' 
K5 = Fir+B, tanJOa; 

Otherwise 7a = VB = ^^ — : — ^-^ /?3 cot /, 

sin / ' 



which determines the location of B. 

2d. When the distance T% from the vertex to the P. C. of the 
sharper curve is known. — In Fig. 21, BG is produced to F, 
making BOiF=L 

Ta sin /+ Bi cos J+ (Bi - B^) cos Oi = B; 
^ Bi" Tt sin /— i?a cos I 

•^ ^' = A^Tft • 

When 1 is more than 90' the cosine of I is negative. 




Fig. 21. 
The tangent VA = Tx is found as in the first case. 

VA = Vn+B,\.fiXi\Ou 

ajg^ J, _ ^i(co8 Qa - coa I^^V Rg^ - e-qjO Ji 

sm I 
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For example, let T^ = 26.2 feet, /= 60°, iJs = 40 feet, 
and Bi — 60 feet ; to locate the P. T. and the P. C. C. 
cos O, = 60-8«-8X.86603-40X.5 ^ g^ ^^, ^^ ^ ^, _ 

0, = I-0, = W; r.^ 60X.366 + 40x.l34 ^ 3, ^ ^^^^ 

.000 

The P. C. C. may be located from either end of the curve after 

Ti has been computed. The chord BC=2Ei sin -^ = 103.5 

2 

feet. 

(b) To locate a compound curve between two given tangents 

when J, Ti, 7a, and one radius are 

given. 

1st. When the larger radius is 

known. — In Fig. 22 let the arc of 

radius Bi be continued until it 

ends in a tangent parallel to VD ; 

then 

HX=T=Bit&n^. 




Fio. 22. 



the triangle RBB 



Then EBB = VBC = ^. and in 



or 



,0a BB 

Oa_ T-n+(T-Tr) COS I 

^^^ 2 " (r-r,)sin/ 



in which T, = VA and Ta = VB. 
Also from the same figure B^ = Bi — HB — KOi, 

sin / 



or 



B^ = Bx-(T^Ti) 



1 — cos Oa* 

For example, let /= 61' 56', 2?i = 80 feet, T, = 38 feet, 
and Ta = 28 feet. Then T = 80 X .60007 = 48.0 feet ; 



— 10 



.88240 



.22616 — ^^-^^^o*' 
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2d. When the smaller radius is known. — Let the curve of 
smaller radius be extended to a 
tangent parallel to 2\. Then, as 
before, 

, Oi AD 

"" (2'a - T) sin / 

in which T, T'l, and 7a represent 

EX, il y, and J5 y in Fig. 23. Fio. 28. 

Also Bi = Bi + AD + (Hi - ^a) cos Ou 

in which i?a must always be selected smaller than 7s cot ^ , 

else the curve will become reverse. 

For example, let /= 119° 04', Ti = 120 feet, Ta = 100 feet, 
and iJa = 40 feet. Then !r= 40 X 1.69992 = 68 feet. Since 
/is greater than 90*" its cosine is negative, and 

Qi _ 120 - 68 - 32 X 48583 
2 ~ d'ZX .87406 



87406 



or Oi = 75'*00'. i?,= 40 + 32X^^=77.7 feet. 

(c) To connect a given curve 

with a given tangent by another 

curve of given radius. — This is 

a case in which the distance 

between the given tangent and 

that to the given curve parallel 

to the first is known, as DH 

in Fig. 24, but the angle Oi is 

to be determined. In Fig. 24 

let AG be the given curve of 

radius Hi, and B V the given tan- 
g^ent, making the angle / witli AY. 11 AC \i^ ^xo^x^Rft.^'vsi ■&> 
making HOiA =/, HD = d, and \t Ru\i^ ^wsavime^* 




Fia.%, 
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d = fiJi tan ~ — -4F J sin/; 



cos O9 = 1 — 



Hi'Bt' 



The point B is located by laying off from F tlie distance 7t 
as computed in (a) above. 

If the required tangent is to be outside of H, as V'B', the 
above formula becomes 



cos Oa = 1 — 



d 



-Ba — JRi 



The P. C. C. is found by running a tangent at any point on 
the original curve, as ^, to intersect the given tangent; the 
angle / is then measured, and Oi = /— Oa. The chord AC 
then is 

ilC7=3i?isin^*, 

which gives the location of P. C. C. 

2d. When the required curve is to be in the opposite direc- 
tion from the first. — Let AB, Fig. 25, represent the curve to 




Fio. 25. 



Ae connected with the tangent DE, From way ipomt, %a A, on 

^Aa carve AB a tangent is run to intexaecl XAi^ Wti^ DE, Mi\ 

^^e Intersection angle AOiB is measured, B \iit\ie^^\«^\i«>- 
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ing the point where the tangent to AGB is parallel to DE, 
Then O^OiB is found from 

cos O^OiB = ' — , 

and A0iC=I-0^0iB, 

from which the distance to C from the selected point may be 
computed. The curve CD may then be located by any of the 
usual methods, the total deflection from a tangent at C to the 
point D being 1(180' - Oi). 

When the required tangent is outside of the tangent through 
B, the formula is 

and the P. R. C. may be fixed by measuring the computed 
chord AC with a deflection ^I — Oi) from the tangent at A, 

For example, let it be required to connect a given curve 
ACB of radius 50 feet, Fig. 25, with the tangent ITE' by a 
curve of radius 100 feet. From any convenient point on BGA, 
Bs A,tL tangent is produced to intersect lyE' at F, / is found 
to be 117' 32', and ^ F= 115.4 feet. From which 

d = (116.7 - 50 tan 68' 46') sin /= 29.5 feet. 

Then cos 0, = ^"TI^^,"*!^'^ = - .18666, or 0^ = 97* 51', 

lUU -jr 00 

and AOiC = 19' 41' ; hence ^(7= 2 X 50 X .1709 = 17.09 feet, 
and VilC = 9' 50', giving the location of the P. C. C, from 
which the curve may be run by deflection angles from a tangent 
at C. The deflection for ly willbel(180" - 97' 51) = 41' 04'. 

(d) To change the position of the P. C. C. so that the curve 
may end in a parallel tangent a given distance from the first. 

1st. When the P. C. of flatter curve is fixed.— In Fig. 26 let 
ACB be the given compound curve ; it is required to change 
the position of Cao that the curve may eik^ «X B^m ^^»s^.^\5^. 
parallel to that at JB, and d feet inside ot \t . \^^\.>iX^^ c^v^^ ^^ 
b0 produced to E, making AOiH = I. T^^^^» ^^^^ NX.aX^'^^^ 
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of the intersections of the radii is a circle of radias Bi 
and center at Oi , from the figure 

d 



-22. 



cos O3 = COS O'A — 



i?i-i?.' 




Fig. 26. 

If the curve were to be moved outward the same distance 
to Ba , then 



COS Oi = cos 0% + 



d 



B\ — ^9 
and the new P. C. C. is located from A, since AO1C4 = /— O4. 

2d. When the P. C. of the sharper curve is fixed. — In Fig. 
27, ACB is the given compound curve ending at J9 ; it is re- 
quired to change the position of G so that the curve may end 
in, B», d feet inside the tangent through B, Let the curve 
^C7 be produced to H, making HOiA = /; then 

d 



cos Oi = cos Oa -f- 



cos Oi = COS Oi — 



Jf^a — Bi 

d 



jRa — Bi 

when the required tangent is outside that through B. 

For example, let Bi = 60 feet, B^ = 40 feet, 0, = 25', and 
^ ^rPr" 52' ; it is required to so change tlieP. C. C. ^.\i\i\. Wi^ 
i^offent at the end of the sharper curve may\ie TXio^ft^owX.^ 
^'^^if. Tlien cos O, = - .13687 + ^^. ox 0. = ^^'^ W wi^ 
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0. - 89° 32'. The chord from the P. C. to the P. C. C. is 
a X 60 X .8388 = 40,42 feet 

Prob. 16. OiveD : E,=W feet, £, = 60 feet, 0, = 80*, 
ADd 0, = 42° 30". Find the chord from the P. C. to iLe P. C. C. 
BO that the compound curve ahal! end in b, paiAllel tangeiit 
~ 4 feet iQEide the preseot one. 




Fio. ar. 

Prob. 17. In the last problem compute maximum valnes for 
-|- d and — d. 

Problem 19. Given : i?, =55 feet, R, = 4i feet, /= 64', 
and T, = 33 feet. Fiod the value of Tj and the position of 
the P. C. C. 

Prob. 19. Compute maximniu and minimum ralu s for the 
assumed Ti. 

Prob, SO. Given : 1= 76°, T, = 40 feet, T, = 30 feet, and 
B, = 75 feet. Make the computationa necesaarj to locate the 
compound curve. 

Prob. 21. It ia required to connect a curve to the right, of 50 
feet radius, with a line which makes an angle of 75° with a 
tsD^nt to the given curve 65 fett ftom 'lAw ^vixl <A ^.«x^i(^ti^ . 
b^M carve to lite left of 40 feet rad\\ia. 
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TURNOUTS AND SIDINGS. 

Art. 6. Turnouts from Straight Trace. 

The part of the track which is common to the outside rail of 
the turnout and the inner rail of the main track is called the 

Frog, as shown by the small shaded 
triangle at V in Fig. 28. The dis- 
tance AF is the Frog Distance, the 
length of the frog divided by its 
breadth is the Number of Frog, as 

ed 

-T in Fig. 29, and the F rog Angle, F, 

is the angle ad) or that between 
the tangent to the outer rail of the 
turnout and the main track, being 
the same as il OF in Fig. 28. The 
Radius of the Turnout is AO -\-\G^ when Q is the gauge of 

« the track or the distance between the 
d rails. The Standard Gauge is 4' 8^". 
, The Switch, Fig. 80, is the arrange- 
FiG. 29. ment at Ay Fig. 28, by which a car is 

deflected from the straight track 
to the curve. C 

- In the triangle AFO, Fig. 28, 
the Frog Distance AF\% 

AF- V20H, 

also from ABF AF= 201^. 




Fig. 28. 





Fig. 30. 



Since 



then 



F 

2N= cot - = cot BFA, 

a- sfi^iv* = |g cot« |. 
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by combining the two values of AF; 

also cos F = Q „ , .y - 

{a) When Two Turnouts of the same radius in Opposite 
Directions begin at the Same Point.— As sliown in Fig. 31, the 
number, iV^i , of the frog at the inter- 
section of the curves may be stated 
in terms of that on the straight 
rail, for in the triangle AOFi 



also 



hence 



AFx = 1? tan \F^ , 



AF, = , 




%n: 



Fia. 81. 



« = /, '"■ 



8i^ + l' 



in which N). is the number of frog at F\ and JVis the number 
of that at F. 

The switch for a case like Fig. 31 must be so designed that 
a car may be made to take either of three directions, and for 
this reason it is called a Three throw Switch. 

(6) When the Radii of the Turnouts are Unequal. — In the 




Fio. 32. 
triangle 0^ O^F, , Fig 32, 

tan JOa = y -^ 



K^G 



»^'5iRx-V*2^R*-V^'f 
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4i?,/?a 



and tSLii lOiFiOi = 4/ 

the frog angle Fi = ISC'* - dFiOi, 

and ^i = i cot JFj ; 

^i^i = (/?,+ I) sin Oa, 

OiA = I /?2 + -| cos Oa , 
from wliicb the location of the frog Fi is fstablished: 

For example, let 2?i = 50, i?a = 40, and the gauge be the 

/ 235 4 

standard ; then tan JOa = j/ ^n/i.w^ . o/i . . ^^ov . or Oa = 



40(100 -f- 80 + 4.708)' "' ' 



14'; tan JOaFxO, = |/ - 



4 . 40 . 50 



or 



20" 

'" "'""*^* ~ " 4.708(100 + 80 4-4.708/ 

OiF, Oa = 143" 32', so F, = 36" 28' and iV^ = i cot 18" 14' = 

1.52; AF' = 42.35 X .84584 = 14 65 feet ; O^A =42.35 X 

.9383 = 39.74 feet, and the point of the frog Fi is 14.65 feet 

from the point of curve and 0.26 feet from the middle line of 

the track. 

(c) When the Opposite Turnouts begin at Different Points.* — 

A case of this kind is shown in Pig. 33. It is required to de- 




FiG. 33. 



termine the frog angle Fi and the frog distance AFi when 
^J*, or a, and either the frog angles F^ and F or the radii of 
the turnouts are known. When F^ and F aie gVveix, 
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*. = |-'f 



Then in the triangle OxFiO^ all the sides are known, and 



cos Ox = 



WxO^.OxFx 



also cos O2 
then Fx 



" 20x02. O^Fx ' 

= Oi + Oa, 



tan O^OxA = 



a 



(7^ 



and AFx = (/?, + -g) sin FxOxA. 

The above expressions are readily solved when numerical 
values are substituted, but a formula giving AFi in terms of 
Ex, Bi , and a directly is unwieldy. 

{d) When the three Frog Angles are known. — It often hap- 
pens that the engineer has at his disposal but a limited assort- 
ment of frogs. In*such a case the turnout may be constructed 
as a compound curve to fit the given frogs. In Fig. 84 let 




Fio. 81. 

Fx , Fi , and Ft represent the frog angles that are to be used, 
J^i , R2 and Hi the radii of middle Vme ol \.x«*c^s.'\wiivcw^<L^\!^««» 
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at Oif Oa , and 0», If tlie frog at Fi be in the middle of the 
track, 

.,-,(? cos IFi 

then Bi = S7q \w\ ' 

2(1 — cos i^i) 

If Os^be made parallel to OiA, 
FiOiH= Fi\ 

hence ^3 -f tt = 



2 2(^cos ^Fx — cos iPi)* 
^i?*, = Ri tan iii^i , 



AFz = ^B» + -f ) sin F. + (Ui - i?,) sm JJPi, 

and the distance AF^ and radius i?s may be computed in a 
similar manner. 



2 "" 2(cos iJ9\ - cosi^^y 



and ^i^a = (i?a + 2) sin -Fa - (i?a -i?i) sin JF,. 

The solution of nearly all problems in compound curves is 
simplified by continuing one of the curves until its central 
angle equals the total intersection angle between the tangents 
to the compound curve. 

As an example, let it be required to locate a double turnout 
in opposite directions, using frog angles Fi = 28" 20', F, = 17', 
and Fs = 21** 17'. 

4.708 X. 96959 _ 
^'- 2 X. 03041 -75^eet, 

4.708(1 ^.96959+. 93180) _ 
^* "" 2(.96959 -h .98180) " ^ ^^^' 

_ 4.708(1 ~ .96959 + .95630) _ . 

^' " 2(.96959 - .95630) " ^^^^ *^®^ ' 

AFr = 75. X .2524 = 18.93 feet, 

AF, = 62.35 X .36298 + 15 X .24474 = 26.32 feet, and 

^^ =r 17Z2 X .292S7 - 99.8 X .24414= W A t«X, 
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It is x)08sible to locate sach a turnout having Fi F^ , and F% 
equal, but Fi must always be less than F^ plus Fz. 

Prob. 22. What frog number and angle and frog distance 
are suitable for a turnout from a straight track of " narrow 
gauge," or 8 feet, when the radius of middle line of turnout 
is 50 feet? 

Prob. 23. In a double turnout in opposite directions J?i and 
i?s are each 75 feet. Find Fx, F^, AFi , and AF^. 

Prob. 24. A double turnout in opposite directions is com- 
posed of curves of 75 feet and 125 feet. Find frog angles and 
frog distances. 

Prob. 25. Make the necessary computations for locating a 
double turnout when the three frog angles each are 17**. 

Prob. 26. What must be the length of /J, if JRi be 100 feet 
when Fi and F^ are equal ? 

AbT. 7. TtJKKOUTB PROM A CURVED TRACK. 

(a) To locate a turnout on the Inside of a Curve when the 
Frog Angle is given.-^Iii Fig. 85, Ri is the radius of the mid* 




A E 



Fig. 85. 

die line of the main track, i?s that of the turnout, and F the 
frog angle or OiFOi, In the triangle AFOi, FAOx = 
W - J(F+ Ox). 

AOi+FO^ :A0x-F0t 
= tan liAFOx + FAOx) : tan i{AFOx - FAOi), 

or tan ^Ox = ^rr cot iF, 

also tan ^Oi =-=;-, 
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iu wLicli O is the gauge of the track and N is the number of 
the frog. 

In the triangle AFO% the angle at Oa is ^+ Oi ; hence 

also EF= (2i?i — Q) sin \0x, 
and cd = 2i?a sin \0^, 

From the triangle F0\ 0%, 

and the middle line of the turnout may be staked out in the 
usual manner. 
For example, let the radius of the main track be 135 feet 

and the frog angle 17°. Then tan JOi = -^^ X 6.6912, 

4O0U 

Oi=14°.22', and Oa=3r 22'; i^i7' = (250 -4.708).12504=30.74 

04010 

feet, and i?u = 122.65 1^ - 2.85 = 56.15 feet. 

52051 

(&) To locate a turnout on the Inside of a Curve when the 
Hadius of the Turnout is given. — In Fig. 35 the three sides 
of the triangle FO^Oi are known ; hence 



After F is determined the other values are found as in the 
last paragraph (a). 

For example, let it be required to select a frog to fit a turn- 
out of 50 feet radius on the inside of a curve of 100 feet radius. 



tan iF = j/(100 - 50 - 2.35) ^, and F = 17'. 

(c) To locate a turnout on the Outside of a curve when the 
Frog Angle is given. — The formulas for this case are very 

similar to those in (a). In Fig. 36, FOi = iJ, -|- -q. and 
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Also in the triangle AFOi , 

and FAOx=^W^^-%'\ 

hence tan \0i =^0 cot ^F= -5- ; 
0, + 0i = F. 




E c A 
Fig. 36. 

In the triangle AFOt^ 

In EFOx, EF= (2Bx + G) sin J0„ 

G\ sin a G 

The distance from F to O^Oi was given in the article on 
double turnouts. 

{d) To locate a turnout on the Outside of a curve when the 
Radius of the Turnout is given. — In Fig. 36 the three sides of 
the triangle OiFO^ are known, and 



lnO.FO„ E,= {b, + 1)^^-1. 



cos JF = 



/ liiRi 



since the frog angle is the supplement of O^FOx, 
For example, let the radii of the main and turnout curves be 



75 and 50 feet respectively ; then cos \F = y .^.^ » , and 

F = ZV 33' ; tan iO. = :*i^3.5898, or Ox = 12' 40' and 0, = 
1B'5B'; AF= (100 + 4.708) .16405 = IT AT lfe«X. 
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Prob. 27. The radius of the main track is 80 feet, and JV is 
8.5. Find tlie radius of the turnout on the inside, and the 
chord to the outside rail from the frog to the beginning of the 
turnout curve. 

Prob. 28. The radius of the main track is 75 feet and that 
of the turnout on the inside is 45 feet. Find the cbord AF 
from the frog to the P. C. C. 

Prob. 29. It is required to determine the length of the 
chord on the middle line of a turnout of 60 feet radius, on the 
outside of a curve of 100 feet radius, between a point opposite 
i^ and the P. C. C. 

Art. 8. Sidings and Crossoybrs. 

{a) To connect a Siding with a Straight Track when the 
Distance between the tracks and the Frog Angles are given. — 
The curved track AB in Fig. 37 is the crossover from the 

K0^ 




Fig. 87. 



track AE Xo the track BK. The radii Ox A and O^B may or 
may not be equal and the tangent FiHm&j be omitted, form- 
ing a reverse curve, or the curves may be continued beyond Fi 
and Fi, The same form of curve is used in passing from a 
ma/n track to a Biding as shown in Fig. 87 with the straight 
track ^JT removed. In the figure the cxxrvea eud «X \Xi^ tio^^» 
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so AOxFi is the given frog angle, and the distance between the 
middle lines of the straight ttack is x. Then 

/Ji = i?a = - cota- Fi, 

or i?i + - ) = ^ 

^ 2y 1 — cos i'^ 

2 i?i(l - cos Fx) + T^'iflTsin Fx = a?, 

and {2R, -\- G) {1 - cos i?',) = 2 (? ; 

hence j-.g^ ^ - ^O +cos J-.) , 

sm Jfi 

When the crossover is in the form of a reverse curve FiHva 

zero and 

x = Q{l+ cos Fi). 

AE= 2/Ji sin Fx + FiHcoa Fx , 

from which it is seen that the length of the crossover varies 
with the radius and with the distance between the tracks. 

For example, let it be required to design a crossover in the 
form of a reverse curve between two tracks which are 4 5 feet 
between inner rails. In this case a? = 4.708 + 4.5 = 9.208 feet. 

cos F^ 4^o = -9558, so F= IT" 06". Then JR = 4.708 -5- 

.04421 - 2.354 = 104.1 feet. 

When it is convenient to have ili^as short as possible, still 
using the given frog angles and distance between tracks, the 
curves are continued bejond the frogs as shown, and the tan- 
gent between the curves may be assumed within certain 
limits. In Fig. 88 let t represent the tangent LH between the 
curves, and P the middle point of t. Then 



aP=i V4i2* + ^, 
and tan POiL= -—^, 

Since P is midway between the tracks, 
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COS POiA = 



22?, -a? 



V4A« + ««* 

and Ox = POxA - POxL. 

The tangent t will be less than FxH, Fig. 87, as given above. 
For example, it is required to locate a crossover between 




Fig. 38. 

parallel tracks, 12 feet center to center, using W 41' frogs and 
10 feet of tangent between the curves. i?i = J X 4.708 X 
8:3347» = 163.5 feet ; tan POiZ = 10 -^327.0= .03058, and 

POxL = V 45'. Then cos POxA = (327 - 12.0) -^ 4/327« -f 100 
= .96186, and POiA = 15" 53'. The angles 0, and 0% are 
POxA - POxL = 14" 08', or 0" 27' beyond the frogs. 

(6) When the Radii and Distance between tracks are given. 
— In this case the method is the same as when the frog angles 
are known, since the latter may be expressed in terms of the 
former. 

jj, 2Ri-0 

^'^»= 2srF& 

and the other computations are the same as above. 

(c) To locate a Crossover between parallel Curved Tracks 
nrjben the Frog Angles and Distance between Itacka are given. 
la Fig. S9 the curves of the turnout ate ©xten^'eidi 'Wjoti^ 
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the frogs and connected by a tangent Z//, while the fr g 



X 



angles are unequal. In the triangle OiPO, OP = R-\--, 



OiO=Iii'{-B, and 0,P= Ri + i ^'4/^," + ^^ when R is the 
radius of the inner main track, Hi thut of the curve AL, x the 




distance between tracks, and t the tangent HL, The three 
sides of the triangle are then known, since Ri is determined 
from the frog angle ; and letting s represent the half sum of 
sides, 

2«(« - PO) 



cosPOiO=: 



cos POOt = 



OiO.OiP 

28(8 - Qi P) 

0x0, OP 
t 



-1. 
-1. 



In PO I L, i&n POiL='—, 

a til 

and Oi = POiO - POiL. 

In the triangle POaO, P09 = |y'5?+T„ OaO = i? + iC-i?,, 
and OP = R + - ; so the cosine of POO^ may be written 

as before, 

2«(« - PO) , 
cos POaO = -^ — rp^ - 1, 



and 



cos POOi = 



00a . POa 

28(8 - P0^> 
00a . POa 



-\. 
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Then 0, = 180'' - PO^O - POtU, 

and KB = 2(/2 + aj) sin J(50P + POOi). 

The crossover may then be run from eitlier A or B, 

The crossover is very often located in the form of a reverse 
curve, as shown in Fig. 40. In the triangle OiO^O, OiO« = 




i?i + i?9, OaO = i? + ir-i2a, andOiO = iJ + i?i. Therefore 



X 

COS O^OiO = 1 - 



also cos OiOOi = 1 — 



(i? + B^){R, + B^Y 
x(Rx + ^« - 1) 



(B+B^XB + x-B^y 
Then PO^B = Oa = Oi + 0. 

The point 5 may be located from ^by deflecting JO from 
the tangent at that point and measuring the chord KB^ 
2(i? + aj)sin JOaOOi. 

For example. Fi = Fi = 17% i? = 150 feet, and a? = 10 feet. 

Required to connect the two tracks by a crossover in the form 

of a compound curve. From Art. 7, (c), tan J 2^, 00 1 = 4.708 X 

6.691-*- 300 = .10500, and i^xOO, =12** 00'. -FO,0 = 17"-12'* = 

2079 
^"OO: ^, = 152.35-^ -2.35 = 360.9 feet. From Art. 7, (a), 

tan /^ OJ9= 4, 708 X 6. 691 -4- (150+ 10^^, and FtOB = W \^J \ 
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.1948 
'.4731 ~ 
10. IW - C 2.6 + 51 



(160 + 380.9 (360.9 + 62.8)' 
_ _ 10i380.9 + Ca.6-5) 

(150 + 860.9)U5l) + 10 - U2.6)' 

Then i:S = 3(150 + 10) = 65.63 feet. 

The crossing shown in Fig-. 41 is in 



,«DdPO,0 = 5^]8'; . 
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the somewhat ohj ctonable reverse curve. The angle of the 
tiogFla constant for the curve of radius J. 0, while that for 
the frog OQ the outer track maf be asnumed between iLe limits 
OtF,0 and OiF.O ; when i is nearly 30, Fmay be used in both 
places. Then, from Art. 6, 

si{ + e ■ 

in which R is the radius of tbe ianer track. 
From Art. 7, (a), 

and SOiF, = F, + BOF,. 
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J ben BOi or -Ka = I /?, — — I -: — ^^ „ - — . 
From Art. 3, (c), 

cos BO^ = 1 - - ^ 



Ml — Hi* 

AH = (i?, - i?a) sin J504, 

in which Bi is the radius of the outer track. The point B 
may be located by measuring the computed chord DB deflected 
^BOD from a tangent at D, 
For example, let the radius of the outer track be 100 feet 

and X be 9.21 feet, cos F= J|f^ = .9495; F= 18' 18'; 

tan )rBOFi = ^^6.2085, BOFx = 16" 88', and BO^F^ 

= 35" 56'. Then R^ = 97.65^^ - 2.35 = 45.28 ; cos BOA 

58684 

9 "21 
= 1 - ^TTrc^ - 2.35 = cos 33" 44'. The distance along the 
54.73 

straight track to the point of the connecting curve, H, is AH 
= 54.72 X .55533 = 30.37, and in this case IT is between the 
rails of the outer track, but the assumed frog angle is practi- 
cally correct. 

Prob. 30. Given : Fi = F^ = 10" 00'. Find the radius of 
the turnouts and the length of the connecting tangents. 

Prob. 31. When the distance between tracks is 10 feet, find 
radius and frog angle necessary for a crossover in the fonn of 
a reverse curve. 

Prob. 32. If the radius of the inner track be 100 feet, the 
distance between tracks 9.21 feet, and the frog angles 17", find 
the distance KB in Fig. 39. 
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CHAPTER III. 
CONSTRUCTION. 

Art. 9. Location. 

The preliminary survey of a street railroad consists generally 
of a series of straight lines, run as nearly as may be to the 
proposed location of the road, the lengths, azimuths, and pro- 
files of which are determined in the field. The length of the 
line is the principal factor of the first cost, and the grade is 
one of the most important items of the operating expenses of 
the road. The azimuths, or directions of the lines, are neces- 
sary for making a map showing the location of the road with 
reference to street or property lines or other objects upon which 
the position of the road must depend. 

In cities, the streets are usually selected which will afford 
the largest amount of patronage regardless of other consider- 
ations, and the grades on such seldom if ever exceed that over 
which electric cars may be run. Examples of six per cent 
grades are numerous, and some of over twelve per cent are in 
existence. The limiting grade is that down which a car can 
be made to move under such perfect control of the motorman 
that a full stop may be effected within less than fifty feet from 
the place where the brakes are applied. The speed at the top 
of the grade of course materially affects the distance within 
which a car may be brought to a standstill, as will also the effi- 
ciency of the brakes and the skill of the motorman. Another 
important consideration in deciding whether or not a hill is 
suitable for a street-car line is the amount of traflBc to be en- 
countered at the base of it. If at the foot of the grade a 
crowded thoroughfare runs at right angles to the road, the ne- 
cessity o/ perfect control is apparent, awd \\iftT\^Vtwsv ^^^ 
Jack of it is vastly greater than wlivre XAie ^a.v\^^t \^ <i<ycv'?vx^«^^ 
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to the car itself and its passengers, as is tlie case in tlie open 
country, where a great momentum simply has tlie effect of pro- 
pelling tlie car at a liigli speed along an unobstructed track. 

The cost of construction of a road tlirough the country is 
materially lessened by allowing the use of heavy grades, since 
the length is decreased or the amount of excavation and em- 
bankment is reduced to a minimum. The economy in first cost 
is offset by the increased expense of operation, which is due 
not only to the extra amount of power necessary to raise the 
car through the given distance, but to the fact that each car 
must be equipped with powerful motors which are required only 
on the grades and add so much useless weight to be carried 
over the remainder of the line, and for which provision must 
be made in designing the bridges, culverts, and whole sub- 
structure. The following formula is given by Dr. Louis Bell 
as representing the number of horse-power required to drive a 
car at the rate of eight miles per hour on any grade : 

H. P. z=A3W(l-\-0), 

in which W is the weight of car and load in tons, and G is the 
per cent of grade. On straight, level track the tractive effort 
is considered as twenty pounds per ton. 

In selecting the curves there are many things to be taken 
into consideration; the sharper the curves the more nearly the 
line may be made to conform to the contours, and hence there 
results but little necessary excavation ; on sharp curves each 
rail has to be bent to the proper form at the mill and shipped 
in that condition at an increased cost, so it is desirable that the 
curve be as sharp, and therefore as short, as possible. Rails 
may be bent to a curve of 1000 feet radius or over by spring- 
ing one end after the other has been spiked in place, and a 
portable bender is efficient for heavy rails on curves of radius 
not less than 300 feet. For sharper curves the 9" girder rails 
must he run through heavy bending machines. The amount 
of traction oii a curve as compared with t\iat oiv «>. \wi^e\it la 
not very deSnitely known for curves oi siuaW ladm^', xXi^^TWi- 
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tice on steam railroads is to reduce the amount of grade per 
hundred feet by from 0.03 to 0.05 feet for each degree of cur- 
vature, or about three inches on a curve of 1000 feet radius. 
It is stated on good authority that a curve of fifty feet radius 
doubles the traction and, in unfavorable circumstances, often 
increases it threefold. The practical effect of curves is to 
cause more or less discomfort to passengers, to greatly di- 
minish the rate of safe speed, and to effect a wear and tear of 
track and car far in excess of that on tangent. All of these 
results are, to a great extent, prevented by the use of a curve 
of varying radius, as will be explained in a following para- 
graph. 

As a car passes rapidly around a curve it is acted upon by 
gravity and by centrifugal force. The former causes a verti- 
cal pressure upon the rails, and the latter a tendency to hori- 
zontal movement of the wheel flange toward the outer rail. 
The latter motion is counter- 
acted by decreasing the speed 
or by elevating the outer rail 
with reference to the inner 
one, thus causing a horizontal 
component of the weight tp op- 
pose the centrifugal force. In 
Fig. 42 let be the center of 
gravity of the load w on the rails x and z ; then c' and w' are 
respectively the components of the centrifugal force and of 
the weight, acting in oi)positi.^ directions along the inclined 
plane ajz. From similar triangles, 




Fig. 4-2. 



c : c =^ xy '. X2, 



also 



/. 



Then 



w :w •= zy : xz, 
c .yf .xy 



for equilibrium d =• w'. 

If V be the speed in feet per sec nd, and R the radius of the 
curve in feet, 



c = 



32.^R' 
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After substitution, zy = ' ^ . 

The distance iry is very nearly the gauge of tbe track, and 
zy = eia tbe elevation of tbe outer rail in feet, tbe expression 
for wbich becomes 



e = 



32. 2i?* 

F* 
or e = .315-^, 

wben F is tbe velocity of tbe car in miles per hour. 

Tbe elevation e is relative to tbe inner rail, and not to tbe 
middle line of tbe track, it being tbe custom to depress tbe 
inner and raise tbe outer rail by balf of e. 

For example, let it be required to compute tbe proper eleva- 
tion of tbe outer rail on a curve of 200 feet radius and speed 
of ten miles per bour. By substitution, e = .815 X 100 h- 200 
= 0.16 feet. For a radius of 50 feet e would be 0.63 feet, 
wbicb would be impossible in city streets, wbere one incb 
migbt be tbe maximum possible; tben tbe speed sbould be 
reduced to correspond. F* = 3.17€i?, and wben e is one incb 
tbe speed sbould not be above four miles per bour on a curve 
of 50 feet radias. On sbarp curves tbe rear wbeel of tbe car 

does not toucb tbe outer rail, owing to tbe 
fact tbat tbe velocity is always low, and as a 
result tbe position of tbe car is cornerwise, 
tbe front outer and rear inner wbeels press- 
ing bard against tbe rails. 

Tbe trucks on most street cars are fixed so 

tbat tbe axes are parallel, and bence tbey 

cannot be on radii of tbe curves, but assume 

a position as sbown in Fig. 43. a, 6, c, and d 

represent tbe part of tbe flanges of tbe wbeels below tbe top 

of the track. As the car moves in tbe direction indicated by 

the arrow tbe Ganges of tbe wbeels b and d ate pxes&ed. cVoasSV^ 
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agaiDBt the rails, wLiie those of a and e me}' not 
According-]; it is tLe custom to make die 
gsuge on curves a fraction of an incli wider 
tlian on tangent, depending upon tlie lengtb 
Ijetween axles ad ot the cars in use for the 
exact amount, and a guard-rail \ inch to j 
inch higher tha^ the rail is used ioside the 

Another consideration in regard to carves 
is that concerning the distance between 
traclis if cars are to be allowed to pass at 
such points. The position of two cars meet- 
ing on s curve Is shown in Fig, 44, and the 
necessity (or increasing the distance Ijetween 
the traclis is apparent. The distance between 
seldom be less than 10 feet on curves of 50 feet radius, 
feet is often s|>ecified. 

Prob. 83. What is the proper elevation of the outer rail 
a curr« of 900 feet radius and for velocit; of 15 miles ] 




Akt, 10. Transition Curves. 

The use o( spiral instead of circular curves on street rail- 
ways is properly becoming general, lo the advantage ot owners 
as well as of patrons of the road. Some of the reasons for 
adopting this form of curve have been enumerated, and to 
these must be added the necessity for elevation of the outer 
mil. On ono side o( the point of curve the tracli is straight, 
and hence the rails should be of equal elevation ; just beyond, 
the outer rail, being on a curve, should be elevated as shown 
above, and hence, to fulfill these requirements, there wouid be 
an abrupt rise from the tangent to the curve, which isi imprac- 
ticable. The result with circular curves is that the rail must 
he improperly raised for a short distance back on the tangent, 
while the first part of the curve is not high enough. 

In order that the elevation ot theouteitwl^fii^'oe-OTM-w^t^T 
iacreasiog from zero at the beginiung, \.o Aie «j«i'5^'^«^»-''^'^'*^'^ 
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at the end of the spiral or transition curve, the radii must 
diminish in the same ratio, since B varies inversely as e. If 800 
feet be assumed as the radius at the beginning of the transition 
curve and five feet the length of the chords, the several radii 
will be 800 feet into 

1 1 1 1 1 1 1 1 

* 2* 3* 4' o 6' 7 n' 

or 800, 150, 100, 75, 60. 50, 43 feet 

and the angles at the centers subtended by the chords may be 

computed. 

In Fig. 45, 0, 1, 2, 3, 4, 5, 6, and 7 are stations 5 feet apart on 
the transition curve, and a, &, c, d, e, /, and g are points on the 
tangent opposite them. If the distances from each of these 
points from and the offsets al, 62 ... ^7 be known, the 
curve may be located from 0^. The computations are made by 

\9 



Fig. 45. 
considering perpendiculars from each point on the curve 
toward the tangent between the curve and a parallel to the 
tangent through the preceding station, as 5- A; and A;-4 in Fig. 
45, the angle between the chord and the parallel to the tangent 
being the sum of the central angles subtended by the preced- 
ing chords and half the central angle subtended by the chord 
itself, or 

6-4-A; = Co + Cx + Ca + (7, + \Ca ; 

then 5- A; = 5.0 tan 5-4- Aj, 

and 4-A; = 5.0 cot 5-4-A;. 

The tangent distances and offsets from the tangent, as 0^ and 
5-e, are found by continued additions ol t\ift d\^\««.TiQ,^%, -^vist 
computed as shown in the table. 
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Central 
Angle. 



0<» 57'. a 

1 54 .6 

2 51 .9 
8 49 .2 

4 46 .6 

5 43 .9 

6 40 



Chord. 



0-1 
1-2 
2-3 
8-4 
4-5 
5-6 
6-7 



Angle with 
Tangent. 



4 

7 
11 

17 



0» 28'. 65 
1 54 .6 
17.8 
88.4 
56 .3 
11 .5 



23 23 .5 



Lati 


Longi- 


Tangent 


Tangent 


tude. 


tude. 


Distance. 


Offset. 


5.00 


0.04 


5.00 


0.04 


5.00 


0.17 


10.00 


0.21 


4.99 


0.37 


14.98 


0.58 


4.96 


0.66 


19 94 


1.25 


4.89 


1.08 


24.83 


2.28 


4.78 


1.48 


29.61 


3 76 


4.59 


1.99 


84.20 


5.75 



The tangent of the deflection at from tbe tangent to any 
station may be computed from tlie last two columns tbus : 

tan (f-0-4 = 1.25 -^ 19.94 ; 
angle (f-0-4 = Z" 85'. 

It often happens that from the P. C. an unobstructed view 
around the entire curve is impossible, and the deflections from 
other stations than may be computed from the tangent dis- 
tances and offsets. The angle between A;-4 and 0-4 is 8° 85', 
and the tangent 5-4-A; = 5- A; -*- A;-4, so 5-4-A; = 11" 56'. Then 
the deflection from 0-4 produced to the chord 4-5 will be 

A.4-5 = (A;.4-5) ~ (d-OA) 

and A-4-6 = (A;-4.6) - ((2-0-4) 

also tan (0 4 2) = ((f-4) - (&-2) + (O-^f) (0-&). 

In like manner the deflections from each station to every 
other station on the curve may be computed. 

In making the table of deflections for transition curves the 
same arrangement has been observed as in keeping the notes 
on simple curves ; that is, the line of sight must always be in 
such a position that the vernier will indicate zero when the 
instrument is pointed toward the beginning of the spiral. 

As an example of the use of the table let the location of tbe 
curve be such that only the first three stations can be seen 
from station zero. The deflections from the tangent at zero 
arn given in the horrizontal line opposite *' Instrument at 0," 
and the stations 1, 2, and 3 are located five feet apart. The 
instrument is then moved to statioii S, ax\d Wi^ "V^^Ok. ^\^\\. tmc^ 
be taken on either of the stakes a\Tead7\octi\fe^,\\^^ ^^Tc^'st 
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Table of Deflection Angles for a Spiral when 

THE Chord = i?i -;- 60. 



Sta. 


Sta. 1 


Sta. 2 
R = 30C 


, Sta. 3 


Sta. 4 


Sta. 5 
ff= 12C 


Sta. 6 
R=10C 


Sta. 7 




R = 60C 


R = 20C 


R = l.-iC 


ff=8.6C 


Ins. at 


0« 29* 


1«> 12' 


2» 14' 


3«> 3.5' 


5» 1.5' 


7» 14' 


9" 22' 


o« (xy 


Ins. at 1 


1 26 


2 38 


4 08 


5 .58 


8 07 


10 35 


00 


43 


Ins. at 2 


3 06 


4 46 


6 46 


9 04 


11 42 


00 


63 


2 04 


Ins. at 3 


5 2.5 


7 34 


10 02 


12 49 


00 


1 0-i 


2 28 


4 04 


Ins. at 4 


8 21 


10 59 


13 55 


00 


1 12 


2 42 


4 82 


6 41 


Ins. at 6 


11 56 


15 02 


00 


1 21 


3 01 


5 01 


7 20 


9 57 


Ins. at 6 


16 09 


00 


1 31 


3 21 


5 80 


7 58 


10 45 


13 51 


Ins. at 7 



being set at the angle in the column for the station where the 
back-sight is taken and in the line for the instrument at the 
given station. In this case the vernier should be set at 2° 04', 
0° 53, or 0° 00* according as tbe back-sight is to be at station 2, 
1, or zero. Station 4 is fixed by setting the vernier to read 
5° 25', plunging the telescope and measuring five feet from 
station 8. 

If the central curve to which the transition is to be applied 
be of large radius, the above table applies equally well by in- 
creasing the length of the chords ; as for example, let the 
main curve be of 500 feet radius, then the radii of the spiral 
might be taken at 3000, 1500, 1000, 750, and 600 feet respec- 
tively, while the chords would be 5 X 10 = 50 feet, and inter- 
mediate points may be fixed by an ordinate to the middle of 
each chord. 

The coordinates of the centers 
are useful in computing the tan- 
gent and external distances of the 
curve, ai.d the method of calcula- 
tion is readily understood from 
the figure. Let Co, Ci . . . Ce be 
the centers of the curves form- 
ing the spiral, and a*oyo , Xiyi . . . 
x^y* be the respective coordi- 
nates ; also let C and m . n repre- 
sent the centex aT\d coox^Viv^Xft^ 
of the center of the main curve of ladlus r \)e\wefeii \^i^ \.Nqo 
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transition spirals ; then the latter may be computed from the 
followiijg table : 



Center. 


Angle with R^. 


Coordinates. 




V 




Q^ 67' 18" 

2 51 54 

6 43 48 

9 ."ia 00 

14 19 84 

20 - 03 80 

26 48 28 


300.00 feet 

150.00 

100.06 

75.19 

60.41 

50.71 

44.13 


0.00 feet 

2.60 

6.00 

T.W 

9.99 
12.46 
14.86 



The second column gives the angle that each radius (pro- 
duced) makes with the first radius Co — ; in the third and 
'fourth columns are the distances from each center to C^O and 
OF respectively. Then the coordinates m and n are found. 

772 = a* — (/^ — ; ) cos a, 

and n-=y -{■ (li — r) sin a, 

in which a; . ^ is the center < f the arc of the spiral that joins 
the middle curve, R'ut.^e radius of the last arc of the spiral, r 
is the radius of tie main curve, and a is the inclination of the 
radius at the end of the spiral to i^o as given in column two of 
the above table. 

Then r=n+mtaniJ, 

and E = r exsec 1/+ {m — r) -J- cos J J. 

These values may be found for any intersection angle when r 
is known. 

For example, let /= 88' 30' and r = 55.0 feet ; then C^ is 
the center of the last arc of the spiral, and a = 14" 19' 84"; 
m = 60.41 - (60 - 55) cos 14' 19 34" = 55.60 feet ; w = 9.99 + 
5 sin 14* 19' 84 ' = 11.28 feet; T = 11.23 + 55.6 tan 44' 15' 
= 65.40 feet. 

It may often be desired to determine the radius of the cen- 
tral curve to correspond with a given tangent or external dis- 
tance, and the above formulas may be stated in terms of r. 

^ T— y — R (sin a ~ cos ex \.a\i \I> — x Xvc^Xl 
~* tos a lan \i — am a 
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, E cos ^I ^ X -{- R cos a 

also r = ' — Tr . 

cos a — cos \I 

from which r may be found for assumed values of T or E, By 
finding the radius of a simple curve having the given tangent, 
some idea may be formed as to the value of li, which will 
usually be the one on the spiral next smaller than the com- 
puted radius, T cot ^1. When R has been determined, a?, 
y, and a are taken from the table and the above equations are 
solved for r. If the value of r thus determined be between 
the assumed R and that next smaller in the spiral, the assump- 
tion is correct ; if not, another value of R may be chosen and 
corresponding values of a;, y, and a used. 

For example, let / be 73** 32' and T = 50 feet, to determine 
the value of the central radius. The radius of the simple curve, 
2' cot J/ = 66.9 feet, so R may be assumed as 60 feet. Then 
a = 14° 20', a; = 60 14 feet, and y = 9.99 feet ; then 

_ 50 - 9.99 -60(.247 - .969 X .747) - 60 14 X .747 
^ "" .959 X .747 - .247 

or r = 49 71 feet, which is so near 50 feet that the choice of 
R may be considered as correct. If, however, the result bad 
been, say, 45 feet, it would be better to take R as 50 feet and 
make another computation for r. 

Another variety of transition curve is that used to connect 
two grades of very different inclination ; in this case the 
radius of the curve is in a vertical plane, and the curve is 
called a vertical curve. The object of the curve is to reduce 



the shock occasioned by the sudden change in rate of grade, 
which is a cause of wear to track and rolling stock. The 
proper curve to use in such cases is the pataAKAa. \a\> A V 
and F^ be the proGle of two adjoining grades, and ACB \\i^ 
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proposed parabola ; also let VC be the vertical distance from 
the apex to the curve, and OOi any other vertical offset from 
the tangeut to the curve. Whatever the difference in rate of 
grade, the horizontal distance between A and V is the same as 
that between Fand B^ since the line is always so measured on 
the ground. Then, since VG is an axis of the parabola, 

VC = CM, 



and 00, : VC ^ AK : AH ; 

or, letting Eu E^, and Ez represent the elevations of .4, F, and 
B, the elevation of M is ^(Ei + ^3), and 

CF= J(^a- if). 

If Cr becomes negative, it indicates that the curve is above 
the tangents. 

VCd" 



also OOi = 



^« 



in which OOi is any vertical offset from the tangent to the 

curve at a distance d from A or B, and h is the horizontal 

distance ^ For jBF. 

For example, let it be required to replace the following 

grade by a vertical parabola. The elevations of stations 5 feet 

apart are A = 100.0 ; 1 = 99.5 ; 2 = 99.0; F= 98.5 ; 3 = 98.8 ; 

4 = 99.1 ; B =99.4. Then VC = i(98.5 - J . 100 - i . 99.4) 

= - 0.6 feet. The offsets at 1 and 4 are - 0.60 X 5* -!- 15* 

= — 0.07 feet; at 2 and 3, —0.27 feet, and the elevations on 

the curve are 100, 99.57, 99.27, 99.10, 99.07, 99.17, and 99.40 

teet. 

Prob. 34. If p and p' represent the rise per horizontal foot 
of track, d the distance from the beginning of the curve to 
any station, and ?i half the length of curve, prove the offsets 

d^ 
from the tangents to the vertical curve are tt(P ~ P')- 

Prob. 35. Given : Elevation of ^ = 100 ; the rate of fall 
from ^ to F= 9 : 100 ; the rise from F to B = U \ \C^<^. ^SxA. 
elevations on a vertical curve ot tViree sX«Aaot^^ ^ \^^\. «:^^"^^ '^s^ 
each side of V, 
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Prob. 86. When 1 = 9V 80', what central radius must be 
used with transition curves at each end that the external dis- 
tance may be the same as with a simple curve of 75 feet 
radius ? 

Prob. 87. Make a page of field-notes for the curve found in 
the last problem, the instrument be'ng placed at the point of 
spiral, at the P. C. and at the P. T. of the middle curve. 

Prob. 88. Design a transition curve of seven stations to 
join a curve of 500 feet radius when / = 88". 



Art. 11. Earthwork Computations. 

All volumes of earth are usually considered as being com- 
posed of prisms, wedges, and pyramids. When the sides of 
these figures are narrow, the appearance will be that of a 
curved or warped surface, as a pyramid becomes a cone when 
the number of the sides are sufficiently increased. 

The railroad engineer has to deal with two classes of exca- 
vation : that of the earth between the surface of the ground 
and the finished subgrade of the roadbed ; and of material 
from borrow-pits when the amount of filling exceeds that of 
cutting the earth down to the proposed grade, or when ballast 
is taken from a gravel-pit. The computations in the two cases 
differ somewhat from each other, and the latter will be con. 
sidered first. 

In Fig. 48 the irregular curve represents the edge of the 
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Fig. 48. 
borrow-pit, and the intersections ot t\ie T\g\i\. Wtift^ ^Xiorw t\i« 
points at which elevations are taken betore aiid «A\.ex ^iXi^ ci.^».- 
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vation is completed. The points on the lines aa and ac should 
be so fixed that they will not be disturbed, so that all the other 
Knes may be re-established after the fiist stakes and material 
in the pit have been removed. The squares, as fghk, are 
usually made small enough that the surface may be assumed 
as a plane without material error ; then if the letters on the 
corners represent the elevations of those points before the 
ground is disturbed. and/y^T the corresponding final eleva- 
tions, the volume of fgkl —f'g'kl' will be the product of the 
area of a right section and the mean of the heights of the 
corners of the square, or 

V= \{f-f + g- g'+ k-K+l- I). 

When h . , . hn are the various heights and A is the area of 
the horizontal section of any prism of n sides having plane 
ends, not necessarily parallel to each other, 

n 

in which Fis the volume in the same unit as the linear dimen- 
sions and the area. Usually all are in feet, and afterwards the 
volume is found in yards by dividing by 27. 

When several prisms of equal right section adjoin each other 
the volume of the whole may be computed in one operation, 
multiplying the height at each corner by the number of entire 
polygons meeting at that corner, then the sum of these prod- 
ucts into the area of a right section of one prism divided by 
the number of sides of the prism will be the volume, or 

4 

in which the prisms are of square section, di is the sum of 
heights of corners common to one prism, e?a, d%, and d^ simi- 
larly are the sums of heights of corners common to two, three, 
and four prisms. 

For example, let the corners be designated by the letters on 

the axes through them, as c2 fox j aiid d^ \ot Tc. 'YV^^^VX., "vo^ 

Fig. 48, the depths of excavation at b\ ^^^V^^^.^'^^^^^ 
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M = 8, d = 5. <!3=7, e3 = 9, c4-2, dl=4. (18 = 6, (18 = 8, 
dl = 1, e3 = 0, aud eZ = 3. Then 61, H, dl, di, «8, and ei are 
comers of but ooe iiristu eacli. Also £3, bS, el, aad ei are com. 
miin to two, d2 uud (fd to three, and c3 and fS to four prisms 
eacli. Tlie volume will then be. if the squares he ten feet on 
E side, y=iJ0[(a + 3+ 4 + l+(I+2)xl + (8+10 + 
5 + 2) x2 + (6 + 8)X 8+(7+9) X 4] -f- 37 = 169.38 cubic 
yards. 

It is often impossible to so locate t!ie comers of the square 
tbat tbe surface so included will be a plane. However, bj am. 
sidering eacU square as two triangles tbo 
surface iiinj Dsually be fairly represented 
by two planes intersecting on diagonals of 
the rectangles. The computation is the 
same as above, tbe height at i ach apex be- 
ing taken as many times as there are 
triangles around that point, and the area 
being one half of the rectangle. Or if ^ 
be the area of the rectangle and n = S, the 
Fra. 411, volume in cubic feet ia 

V= |«f, + d, + d, + d. + d, + d. + d-, + d,). 

The proper direction of the diagonals is Indicated in the 
note-book from oliserTotions in the field as shown in Fig, 49, 
the figures bein^ the numbers by which the heights would be 
multiplied for that case. 

The areas outside regular polygons are found by measure- 
ment in the Geld, the position o( any point, as p. Fig. 43, beiug 
recorded 6 -)- m, 4 + n, when m and n are the distances of p 
from bb and 44, and the volume of each irregular figure is 
found by taking the mean of the corner heights into the area 
and dividing by the number of aides. It muat be constantly 
rememljered that this rule is true only where the top and 
Iwttom surfaces are approximately plane figures. 
TJie excavation or embankment along a line of railroad is 
computed from cruss-sectJons taken at intM^aia ol oii« \ni\\- 
rfrarf feet or less ; the material being lUuB d\i'id*4\iiVi tjaiea 
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Laving parallel ends at the sections, and for sides tlie road-bed, 
the side slopes, and the original surface of the ground. The 
cross-sectious are taken so near together that the ground sur- 
face may be, without material error, considered as generated by 
a right line touching the upp r edges of the end sections. Such 
a figure may be divided into pyramids, wedges, and prisms 
having as a common height the distance between the sections, 
and is given the name Prismoid. 

The Prismoidal Formula is an expression giving, at one 
operation, the volume of a group of prisms, wedges, or 
pyramids having a common altitude between parallel ends. 

Let A be the lower base, a the upper base, ilf the area of n 
section midway between the bases, and I the distance between 
the bases ; then the volumes will be 

Prism = ^ X ^ = g(4 + 4Jtf + a). 
Pyramid = ^ X | = ^(^ + 4if + a); 

Wedge = ^ X ^ = ^(^ + 4Jtf + a); 

in which A •=■ a \vl the prism and a = zero in the wedge 
and pyramid; also M ^ A,\A, and \A\vl the prism, pyramid, 
and wedge respectively. 

In railroad work it is usual to compute ^as a section whose 
linear dimensions are the mean of the corresponding lines at 
the end sections ; this is correct when the end sections are 
similar figures, and hence they should be taken at frequent in- 
tervals. In Fig. 50, ABBE represents the finished road-bed, 
A FOE and BKHB the side slopes, ABKF and BEOH the end 
cross-sections, an;i FGHK the original ground surface. In the 
field, at each section, the middle height LN', the side heights 
Kk and Ff^ and the distances of i^and K from the middle line 
fN and kl^ are determined by measurement. Then the areas 
of the cross-sections are 
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in wliicli (7 is the middle lieigLt, 7ii and h^ liorizontal distances 
from the middle to the side stakes, or Nf and Nk, and h the 
width of the road-bed. The middle area if is computed from 
linear dimensions as 

Rr = \(Wi + Kk) 

substituted in the above formula, and a is found from the 
measured dimensions of OEDH, 

JI 




The field-work of cross-sectioning consists of setting stakes 
at points, as Fy L, and K in Fig. 50. The elevation of N is 
previously determined from the profile, so G is known when 
the elevation of L is found, and the slopes are usually such 
that ZKk = %Bky or " one and one-half to one." The side 
height, as Kk^ is estimated as nearly as possible, and the corre- 
sponding distance from the middle line is computed 

iVX; = ^6 + l\Kk. 

This distance is measured out and the rod held at the as- 
sumed point ; then if the cut Kk as determined from that rod 
reading is the same as that assumed in computing the distance 
NTcy the rod is at the proper place for the stake at ^ ; if not, 
the result is a guide for a closer approximation, which should 
be very near the proper place. 

The field-notes are kept as shown, the numerators being the 
side heights as Kk and Ff, positive if cut, and negative if fill, 
and the denominators being the distances from the side stakes 
to the middle. 

Here the road-bed is, for double track, twenty teet V\^^va. 
cat and fifteen feet wide in fill, tlie extra w\dt\i Vn cvxt \>«fli^ 
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for ditches each side of the track. The slopes are 1| to 1, and 
the volumes may be computed without further data if the dis- 
tance between the stations, in this instance 100 feet be known. 



Station. 


Left. 


Middle. 


Right. 


40 


4.6 
16.9 


+ 8.2 


10.8 
■*"26.2 


41 


00 
10.0 


+ 6.6 


7.4 
^21.1 


4-20 


1.2 
9.8 


0.0 


8.0 
14.6 


+ 60 


4.6 
14.4 


- 1.8 


0.0 
10.0 


42 


6.4 
17.1 


-4.9 


0.8 

8.7 



For example, to compute the volume between the sections 
at stations 40 and 41. Here A = iX 8.2(16.9 +26.2) + i X 
20(4.6 + 10.8) = 253.71 square feet ; also a = i X 6.6(10.0 + 
21.1) + J X 20(00 + 7.4) = 139.63 square feet. Then if = J X 
7.4(13.45 + 23.65) + 5(2.3 + 9.1) = 194.27 square feet. The 
volume is F= ijfi(253.71 + 777.08 + 139.63) = 19,507 cubic 
feet = 922 5 cubic yards. 

When the road-bed passes from cut to fill, as between stations 

40 and 42 in the above table, it is neces- 
sary to take three cross-sections as shown 
in Fig. 51, where the middle line and 
each of the sides of the road-bed pass 
through the points of no cut and no fill, 
or at stations 41 -|- 00, 41 + 20, and at 

41 + 60. The volume of the excavation 
is then ABLMFK and MFKG, the 
latter being a ])yra!uid. Also the filling 
is composed of two figures, the pyramiil 
A'JME and IDGJME, and sufficient 
data are given in the notes to enable tXie 

engineer to compute the total voVvirciea. 
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A practice wliicli lias been very general, and whicli is recog- 
nized by the courts of some States, is to consider the volume 
as the product of the length and the mean of the two end 
areas. The result of this method of computation is always too 
large, if the sections have been taken at proper points, unless 
the sections are exactly the same. The excuses for the custom 
are that the discrepancies to which it gives rise are small as 
compared with other unavoidable ones, such as classification 
of material into eartji, loose and solid rock, and that the con- 
tractor should be given the benefit of the doubt. 

As an extreme case let it be required to find the error in- 
volved in computing the volume of cut between stations 
41 + 20 and 41 + 60 .by the method of average end areas. Here 
^ = 10 X 3.0 X i = 15.0 square feet, and a = zero, so F' = 
J(15 + 0) X 40 = 300 cubic feet. Since tie figure is a pyramid 
the true volume is F= 15 X i X 40 = 200 cubic feet, and the 
error is hence fifty per cent. A similar error, but not so marked, 
will result when one section, although not zero, is consider- 
ably smaller than the other, and only when the sections are 
approximately equal will results sufficiently correct be obtained 
by this method of computation ; and hence the profile as well 
as the cross-section should determine the frequency with which 
the latter should be taken. 

Prob. 39. Compute the amount of excavation between sta- 
tions 40 and 41 by average end areas and by the prismoidal 
formula. 

Prob. 40. Compute the amount of excavation between sta- 
tions 40 and 41 by dividing into pyramids having vertices at the 
side-slope stakes. 

Prob. 41. Given : Two level sections, thirty feet apart* 
having heights of four and six feet respectively, the road-bed 
ten feet wide, and slopes one and a half to one; compute the 
volume by the prismoidal formula and by average end areas. 

Prob. 42. In Fig. 49, let the figures represent the amount of 
excavation in the upper left four squares ; compute the vol- 
ume by rectangles and by triangles. 
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Art. 12. Estimate of Cost. 

A standard statement of the cost of a street railroad, which 
will apply to all cases, is of course impossible, Tbe various 
items only may be enumerated with accuracy since the prices 
are constantly changing, not only for varying dates, but for 
different localities, depending upon the prices of labor and 
upon the accessibility of the place of consumption to the source 
of supply. For these and other reasons the estimates of cost 
in this article are intended to serve only as exa'uples giving 
approximate expense of the items na ned under given con- 
ditions. 

The first cost of a line of a street electric railway may be 
divided properly into the following general items : 

Franchise. 
Right of Way. 
Road-bed. 

Overhead Structure. 
Power Plant. 
Rolling Stock. 

The first item is one which, in this country, up to the present 
time has, at least nominally, usually l)een given by the people 
in exchange for the contemplated convenience of rapid transit, 
and with the provision that the railroad company shall make 
certain improvements, such as paving or surfacing the streets 
used by it. It is highly probable that in the near future, as 
increased skill and knowledge are attained, the operating ex- 
penses will be so reduced that interest may be earned on capi- 
tal invested in electric railroads, even after paying some per- 
centage of the receipts to tbe cit'es in return for the privilege 
of using the streets. When that time is reached the franchise 
will be salable and city governments will be prompt to take 
advantage of the fact. 

The right of way through city streets is included in.theft«j\- 
ch ise if the latter is bought. T\\Toug\i lwm\iv^\^xv^ 'Cw^ ^"^«^$- 
ertr must he bought outriglit, and i\eoi\ \v\T^ft \onn\v^ ^^^ *^^^^'^'*' 
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the price may be from one hundred dollars to a thousand dol- 
lars per acre. The area of a mile of right of way is 0.1212 
acres for each foot of width, or 1 acre for each width of SJ 
feet ; so at $500 per acre and right of way 25 feet wide, the ex- 
pense of this item would be $1515. Damages to abutting prop- 
erty not actually occupied must be considered in determining 
the location of the line, and reduced as much as possible by 
changes in grade or alignment. 

In the item of road-bed are included the excavation and em- 
bankment and ballast, also the ties, rails, and fastenings. The 
excavation may cost from 15c. in soft loam or gravel to a dol- 
lar in rock or in broken-stone roads. Ties are worth from 30c. 
to 75c., and are placed approximately two feet apart. The fol- 
lowing bill of material is for a mile of single-track road, and 
is taken from The Street Railway Journal for December 1893, 
since which time prices have decreased somewhat. It will be 
noted that 70-pound rails are quoted, whereas the present prac- 
tice is to use much heavier, and oak or chestnut ties might be 
substituted for those of spruce. 
110 tons 70-lb. rails (including freight, inspection, 

and hauling) @ $37.50 $4125.00 

18,000 pounds of angle-bars (860 pairs, 50 lbs. each 

(^ $2.01 per 100 pounds) 361.80 

1700 track-bolts (|" X ^") (^ $3.01 per 100 pounds.. 51.17 

6050 spikes (5" X A") @ l^-^O per 100 pounds 148.83 

11 M nut locks @ $6.50 per M 8.12 

3017 spruce ties @, 55c 1659 35 

360 bonds (g^ 25c 90.00 

1320 tie-rods (^ 20c 264.00 

2347 cubic yards excavation (8' X 18" deep) hauled 

off @ 30c 704. 1 

Track-laying @ $1.59 per linear foot 1000.00 

Total $8412.37 

In many places along the side of country roads where the 
excavation is only to the depth of about one foot, a good sub- 
stantfal railroad may be built for about one doWw ^et Waew 
foot 
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The bill given below is from The Street Railway Journal of 
Marcli 26, 1896, for a mile of double-track street railway in a 
paved street in Chicago: 

283 L. tons 9" 90 pound rails @ $33 $9339 

4224 white-oak ties 5" X 8" X 7' @ 38c 1605 

352 cast welded joints @ 13.50 1232 

1760 tie-rods @ 15c 264 

83,792 spikes f X i" X 4^" @ Ic 838 

42,240 feet wood-filler 2112 

Labor at |1 per linear foot 5280 

10,560 square yards cedar blocks @ 30c 3168 

146 square yards sand @ $1.25 183 

445 cubic yards broken stone @ $1.50 668 

10,560 square yards gravel and dressing @ 8c 845 

10,560 square yards 2" hemlock boards @ 8c. per square 

yard 845 



Total 125,879 

If stone be substituted for wooden pavement, the expense 
will be $12,708 instead of $3168 and the total $35,419. 

The poles in the overhead system are spaced about ninety to 
the mile. The price of wooden poles varies from $2.50 to 
$3.50 each, while those of iron are from $18 to $27 apiece; 
the cost of setting them is from $2 to $2.50 each. Sawed 
poles with arms may be* estimated at $600 per mile. The 
wiring may be stated as follows: trolley wire $700; feed wire 
$1000; and return wire $600. The total cost of the overhead 
system fi)r a mile of single track may then be given in round 
numbers as $3000 for wooden poles and $5000 for iron poles. 

llie cost of power and equipment for an electric railroad 
varies approximately as the number of cars operated, and the 
following round numbers will serve as rough checks on an 
estimate in a given case: 



Number 
Cars. 



Capacity. 



/ 



H. P. 



20 



K. W. 



Cost. 



■' \ 



Steam 
Plant. 



(VOOO 



Electrical 
Equipment 



Cars and 
Equipment 



•/S COKStRUCtlOK. 

The cost for a small number of cars is, in general, somewhat 
larger than for many. The necessary number of cars per mile is 
governed by the rate of speed and the interval of time between 
them. Thus let the cars pass a given point in the same direction 
every 5 minutes, and let the average speed be 6 miles pi r 
hour; then each car must be half a mile ahead of the succeed- 
ing one; and if the same number pass in the opposite direc- 
tion, the number per mile of road must be four. 

Prob. 43. Make estimate of required capacity and probable 
cost of a power house for a single-track road over which it is 
proposed to run cars every 10 minutes each, way at a rate of 8 
miles per hour. 

Prob. 44. Compute the cost per mile of excavating for an 
electric railway which is to follow the grade of a brokt n-stone 
street, the depth of excavation being 20 inches and the width 
8 feet. 

Prob. 45. Compute the cost of paving, with stone blocks, 
a mile of street, 80 feet between the curbs. 

Prob. 46. Show that the number of gross tons of rails per 
mile of single track is eleven sevenths of the number of 
pounds per yard of rail. 

Art. 13. Superintendence op Construction. 

Before any excavation is begun the line should be staked 

v(* d. out, and at the angles all intersection- 

''X ^.-''' points should be carefully referenced by 

^^..'''''^''C^ measurements to firm points, or by in- 

''' ^^Nb tersecting lines, so that they may be 

readily replaced. On h ng curves the 

points of curve and of tangency, and 

^-'-''6 also points at frequent intervals on tan- 

[ /',,---'''<* gent, should be preserved by reference. 

/ '^^-N, In city streets the most convenient way 

' \ to do this is to use the curb as a refer- 

\^ ence, then the foreman may measure 

^4 offsets from the same points to line off 

Fia. 52. the edge of l\ie exctivalVotv. \ivT\^.^^ 

are shown methods of locating a point so \AiaX \\. tjivj \i^ ^"sa^ 



at any subsequent time. Let P be the given point, tlien from 
P the straight lines ab and cd are located outside the area to 
be exravuted. Then at any time P may be relocated by find- 
ing, with the transit, the intersection of the lines ab and cd. 
Otherwise the same result may be attained by measuring 
accurately Pa and Pc ; then P may be fixed by intersecting 
arcs of circles of radii Pa and Pc, 

The bottom of the trench is called the subgrade of the road, 
and the material upon which the ties rest is the ballast. Tbe 
preparation of the subgrade is an important factor in regulat- 
ing the cost of future repairs. The use of the ground under 
the surface of the streets as a place for laying gas, sewer, 
water, and other pipes makes the work of securing a subgrade 
of uniform compactness very difficult. The trenches for the 
pipes should be wet and well tamped and the whole subgrade 
thoroughly rolled with a heavy roller to a grade very nearly 
parallel to the finished grade. It is usual on well-constructed 
roads to make the excavation about 22 inches deep, which 
depth leaves about seven inches of ballast under a 9-inch gir- 
der-rail and a tie six inches dtep. 

The best material for ballast is broken trap-rock of such size 
that it will just pass through a two-inch ring ; this variety of 
stone breaks into very hard, sharp-edged fragments which do 
not readily wear smooth, and for this reason may be made 
very compact by rolling. The ballast is spread in layers in 
the trench, and each layer is rolled separately, preferably with 
a roller having a corrugated surface. 

The ties may be of white oak or chestnut for best results, 
but yellow pine and hackmatack will often outlast the rails 
above them ; the harder woods are preferred from the fact that 
they hold the spikes better. The standard size of ties is six 
inches deep, eight inches wide, and seven or, seldom, eight feet 
1 )ng ; they may be either sawed or hewn with the grain, but 
the top and under surfaces should be nearly parallel. The 
ties are spaced according to the load, strength of the rail, and 
t' e width of the lower flange ; t\ie \ia\x«\ ^\?»\.tv.wc,^ \^ "Ooitfe^ \^^x 
between centers, and in some cities t\ie ?,p«LCAYv^\^xv^'^xi."V5S!v«^^«v, 
bat the ties are placed nearer togelAiex a\. \.\\ft mvVVN^^'^'^^'^^ "^^ 
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the middle of the rail. On the People's Traction Company's 
line in Philadelphia the ties are spaced as shown in Fig. 58, 
one being placed directly under the joint. The ties are of 
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Fig. 63. 



Georgia pine, seven feet long, and, except as shown in the fig- 
ure, are evenly spaced, fourteen to each rail. On some roads 
the upper surface of the tijB is protected from tbe rail by cast- 
iron tie-plates about six by ten inches in size and weighing 
about fifteen pounds each. 

The weight and depth of rails have been constantly increas- 
ing since electricity has superseded horses as motive power on 
street railroads. Tbe rail probably now most used is the 
ninety pound, nine-inch girder-rail, which is deep enough to 
allow ballast and paving over the ties. The custom of leaving 
a small space between rails to allow for expansion is no longer 
followed, but the ends are cleaned with care and laid closely 
together. The rails are fastened together by plates about 
thirty-six inches long, as shown in Fig. 53, Laving twelve one- 
inch holes. The bolts should be oiled and very firmly screwed 
into place, since the joint is the vulnerable point of the track. 
Continuous rails, made by welding after they have been laid, 
have been tried with considerable success, the riding qualities 
have been improved, and the cost of repairs lessened. There 
seems little doubt but this will be the practice in the future. 
The rails are tied together by rods every five feet, and the 
gauge should be kept perfect by testing at each tie as the 
spikes are being driven. 

After the rails are spiked the final alignment and grade 
should be given, and the rails shifted accordingly ; the tamp- 
ing may be done with gravel or with broken stone, the latter 
material being more durable. The rails on tangent should be 
made tbe same height transversely, to preveiit a TQ>02L\Ti^TCio\ASi\v 
of the car, and any final error, in t\i\8 respect,, ol mox^ Wwviv «. 
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hundredth of a foot should be corrected after the bonding 
has been completed the remsinder of the ballast la put in 
place and Tammed or rolled till it is compict when the paving 
u)u.j be begun. 

The form as well as the weight of the rail is to lie consul 
ered, both for its effect upon the paving of the street and as 
a tramway for rehicles In order lo preaerve the surface of 
adjacent pavement it is important that ^ 
the lovrer flange shall not interfere 
with the proper setting of the puving 
blocks ; this is properly accomplished 
by using a deep rail as ihown in Fig 
54, where the lower edge of the block 
's above the lower flange and there is 
no necessity for the had but common 
practice of chipping the corner next to I 
in Fig. 55. This arrangement causes t 
tipped over or forced down further than the 
rest, owing to the wedge shape. When a 
rail is selicted that is of less depth than the 
paving- blocks, the upper and lower flanges 
should be of nearly equal width, so that & 
square block will touch both. In the ci 
a 'r rail is quite satisfactory; the a'phalt 
IB laid close up to both aides of the rail, 
and before it is completely set s 
over the track, which makes a groove of 
just the proper size. 

The best form for the upper flange of 
the rail is a subject of debate, but main 
points are three in number: that form 

may be adopted that allows carriage- 

wheels to enter and leave the grooves 
with little danger of injury, as in Fig. B8; ^^ "' 

or the groove may be of more nearly perpendicular sides, h 
BO narrow that no ordinary t\re vfiW eiAei \\,. *s *nyii-« 
Fig. 67; again, the design may \>e HV\ct.\^iB.^.\'l. •""■Ki'^**-*' 
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modate vehicles at all, as is tbe case witli the tee rail. These 

are three examples of common practice, and 
the best for any particular case will be 
determined by local considerations. 



Prob. 47. Read articles on General Track 
Construction in the Stred Railway Journal 
for October 1895, page 664; November 1895. 
page 736; and December 1695, page 803; 
also November 1896, page 697. Write an 
ttbs'ractof each paper, 
tate briefly the arguments in favor of suspended 



Fig. 57. 

Prob. 48. 
rail joints. 

Proo. 49. Make a brief summary of paper and discussion of 
** Influence of Rails on Pavements," in Trans, Am. 8oc. C. E.^ 

vol. XXXVII. 
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Table I.— Trigonometric Formulas. 



Trioonombtrio Functions. 

Let A (Fig. 107) = angle BAG = arc BF^ and let the radius AF « AB = 
AH= 1. 



We then have 




sin A 


= BO 


cos A 


^AO 


tan A 


= DF 


cot A 


= Ha 


sec^ 


= AD 


cosec A 


= A& 


versin A 


= CF= BE 


covers A 


= BK=HL 


ezsec A 


= BD 


coexsec^ 


= BG 


chords 


= BF 


chord 2 A 


=iBI=2BC 




In the right-angled triangle ABC (Fig. 107) 
Let AB = c, AC = 6, and BC = o. 
We then have : 



1. sin A 

2. cos A 

3. tan^ 

4. cot A 

5. sec .^ 

6. cosec A 

7. vers A 

8. ezsec ^ 

9. covers A 
10. coexsecA 



a 
c 

6 
c 

a_ 
6 

a 

c 
■ft 

c 
a 

c 

c -6 
6"' 

c — a 
c 

c — a 
a 



coaB 
sin^ 
cotB 
tan B 
cosec B 
secB 
covers B 
coexsecA 
versin B 
ezsec B 



Fio. 107. 



11. a = c sin ^ = 6 tan A 



12. b = c cos A = 

13. c 

14. a = c cos B = 



_a 

sin A 



acot.<i 

_6_ 
cos.<i 

bcotB 



15. 6 = c sin 5 = a tan B 

16. c 

17. a 



a _ b 
cos 5 "" sin^ 



= V(c4-6)(c-6) 



18. 6 = V (c _j_ a) (c - a) 

19. c = Vo^ .^rfta 



20. C=9(y = A + B 



21. area = - V 



ah 



Table I. — Trigonometkic Tobmitlm, 



Solution of Oblk^ue Tkianglbs. 
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OIYEN. 


bought. 


formula. 


22 


^, J?,a 


C, 6,c 


/nr_-<QAo ^>1 1 m h — ■ ^ • tanJi 




\y ^ lOU \-^ i^ -"^t V ^ , ^' . cuu X> 1 








/- — *^ ain (A -i. 1?^ 




"^ sm^^^^'-^ 


23 


A,a,b 


B, C, c 


sinB=:??5^.6, a=180<»-U+B), 




"" Sin ^ • °^ ^• 


24 


C,a,b 


H(^ + ^) 


JlgU + ^) = 90<>-JigC 


25 




HU-B) 


tan^U-^)=^^tan^M + 5) 


26 




A,B 




27 


• 


e 


c ra 5)Cos^U + 5) ,^ 8in^(4 + B) 


28 


o,6,c 


area 


JT = 1^ a 6 Rin C. 


29 


Let * = ^(a + 6 +c);sin Ji^ =|/^*-^^^*-^^ 


80 


-«a=/i^;tanH^y^'i';f 


«d 






2*',(,-„)(,_6)(,_c). 


81 


Dill ^X. •— , — « 

be ' 




/ 


area 


6c 


as? / 


JT = Vs (8 - aKs - ^"J ^» - <^^ 



Ha A,B,C,a area ! JC = 



g^ ain B . eiii C 
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GENERAL FORMULiB. 
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35 

86 
37 
38 



39 



40 

41 

42 
43 
44 

46 

46 

47 

48 

49 
50 



sin ^ = - — - = VI — cos'' A = tan A cos A 
cosecu4 

sin ^ = 2 Bin ir^ ^ cos 14A = vers A cot ^^ A 
sin^ = VW^ers2A = V^~(l^- cos 2 ^) 

COS^ : 



sec A 



= i^ 1 — sin^ A = cot A sin A 



cos -4=1 — vers A = 2 cos'' }^A — 1 
COS A = 

tan^ : 



1— 2sin«Jigu4 



cosa Ji^ ^ — sin9 J^ ^ = i^}4 + ^coa2A 
1 sin ^ 



cot ^ 



cos^ 



= V sec" ^ — 1 



tan A 



■/■ 



cos^ -4 



_ i _ V 1 — cos^ A __ sin2^ 



cos^ 



1 + cos 2 -4 



1 — cos 2 ^ 
Rin2u4 

1 < 
tan^ i 




vers 2^ . .,, . 
sin2^ = exsec^cotJ^J 


JOS 

sin 


-^ = -t' cosec^ A — \ 
A 


sin 2^ 




sin 2 A 


1 4- cos 2 ^ 


1 — cos 2 A 




vers 2 A ~ 


sin 2^ 


ta.n}4A 








exsec^ 








1 — cos A 


^r 


sin A tan ^ A 


= 2sixi^^A 




tan^ = 



cot A — 



cot A = 



cot A = ~ 



vers A = 



vers -4 = exsecu4cos-4 



ezsec A = sec A — 1 = tan A tan }^ -4 = 



vers^ 
cos A 



. , . . /l — cos ^ / 

sin^^ = i/ 2 = A/- 



sin 2 ^ = 2 sin ^ cos A 



vers^ 



ffl / COS ^A 



f^ 



-f-cos^ 
2 



C08 2A = 2coa^A^\ = cos«A — s\Ti»A «^ \— ^^ffi? A 



QC\ 



Tablb I.— Trigoi^omethic Formula. 



Oenebal Fobmuub. 



., . tBOiA . ^ . 1 — COSil j/l — ' 

tan U -4 = 4— 7 — 7 = cosec A — cot A = — ii«-i — = V 5-7- 
^* 14-sec^ Bin 4 r !+< 



63. tan \^A = .r-r™^ = cosec A — cot -4 = -^— lil ^l"" - «= 4/ ^~rx^;5 
2tan ^ 



54. tan 2^ = 



1 — tan* A 

4. -ly A sin A l+cos^ 1 

55. cot. V^A = — —J- = — , — . — = -2 — -I 

^" TeraA Bin A ooeecA — cot A 

cot« A — 1 



56. cot 2 ^ =5 



57. vers ^-4 = 



2cot^ 

H yers A 1 — cos .4 



14-^1 — Hvers^ 2+^2(1 + 006.4) 

58. vers 2 A = 2 8ln> ul = 2 sin ul cos ^ tan ul 

1 — cos^ 



59. exsec \iA=s 



(1 + cos4) + Va (1 + cos A) 



60. exsec 2 u4 = Ji^B!^ 

1 - tana ji 



61. sin (A± B) = BinA. cos B ± sin J? . co8^ 

62. cos (A ± B) = cos .4 . cos B T sin .4. sin B 

68. Bin A + Bin B = 2Binl^(A + B)coa}4(A — ff^ 
04. sin ^ — sin J? = 2 cos ^ M + i?) sin H (-4 — 5) 

65. cos A + cos B = 2 cos Jig (-4 + P) cos mA~-B) 

66. cos J? — cos ^ = 2 sin H (^ + i?) Bin^(A — B) 

67. sin» .4 — sin« B = cos« B — co8« ^ = sin (^ + B) sin (.4 — B) 

68. cos' A — sin' J? = cos (4 + P) cos {A — B) 

i,tx 4. > I * r. Bin M + jB) 

69. tan .4 + tan B = - - — 



cos A . cos B 



.' cos A . cos B 

' 
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Table II.- 


—Natural Sinee 


1 AND 


O0BIKE8. 






. 




"o 


o« 


V I 


2« 1 


8» 


4» 1 


/ 
60 




Sine 
.00000 


CoRin 
One. 


Sine 
.01745 


Cosin 


Sine 
.03490 


Cosin 


Sine 


Cosin' 
.99863 


Sine 


Cosin 
.99756 




.99985 


.99939 


.05234 


.06976 






1 


.00029 


One. 


.01774 


.99984 


.03519 


.99938 


.05263 


.99861! 


.07005 


.99754 


69 






2 


.00058 


One. 


.01803 


.99984 


.03548 


.99937 


.05292 


.99860, 


.07034 


.99752 


58 






8 


.00087 One. 


.01832 


.99983 


.03577 


.99936 


.05321 


.99858! 


.07063 


.99750 


57 






4 


.00116 


One. 


.01862 


.99983 


.03606 


.99935 


.05350 


.99857: 


.07092 


.99748 56 






6 


.00145 


One. 


.01891 


.99982 


.03635 


.999ai 


.05379 


.99855 


.07121 


.99746; 55 






6 


.00175 


One. 


.01920 


.99982 


.03664 


.99933 


.0W08 


.99854 


.07150 


.99r44'54 






7 


.00304 


One. 


.01949 


.99981 


.03693 


.99932 


.05437 


.99852 


.07179 


.99742 


53 






8 


.00233 


One. 


.01978 


.99980 


.03723 


.99931 


.05466 


.99851 


.07208 


.99740 


52 






9 


.002621 One. 


.02007 


.99980 


.03752 


.99930 


.05495 


.99849 


.0?237 


.99r38 


51 






XO 


. 00291 1 One. 


.02036 


.99979 


.03781 


.99929 


.05524 


.99847 


.07266 


.99736 50 






11 


.00320'. 99999 


.02065 


.99979 


.03810 


.99927 


.05553 


.99846 


.07295 


.99734' 49 






12 


.00349 '.99999 


.02094 


.99978 


.03839 


.99926 


.05582 


.99844 


.07324 


.99731148 






18 


.00378 .99999 


.02123 


.99977 


.03868 


.99925 


.05611 


.99842 


.07353 


.99?29 47 






14 


.00407 1.99999 


.02152 


.99977 


.03897 


.99924 


.05640 


.99841, 


.07382 


.99727 


46 






15 


.00436 .99999 


.02181 


.99976 


.03926 


.99923 


.05669 


.99839! 


.07411 


.99725 


45 






16 


.00465 .99999 


.02211 


.99976 


.03955 


.99922 


.05698 


.99838' 


.07440 


.99723 


44 






17 


.004951.99999 


.02240 


.99975 


.03984 


.99921 


.05727 


.99836 


.07469 


.99721 


43 






18 


.00524 .99999 


.02269 


.99974 


.04013 


.99919 


.05756 


.99834 


.07498 


.99719 


42 






19 


.00553 .99998! 


.02298 


.99974 


.04042 


.99918 


.05785 


.99833' 


.07527 


.99716 


41 






20 


.00682 


.99998 


.02327 


.99973 


.04071 


.99917 


.05814 


.99831 


.07556 


.99714 


40 






21 


.00611 


.99998 


.02356 


.99972 


.04100 


.99916 


.05944 '.998291 


.07585 


.99712 


89 






22 


.00610 .99998 


.02385 


.99972 


.04129 


.99915 


.05873 


.99827 


.07614 


.99710 


88 






23 


.00669 .99998 


.02414 


.99971 


.04159 


.99913 


.05902 


.99826 


.(7643 


.99708 


87 






24 


.00698 .99998 


.02443 


.99970 


.04188 


.99912 


.05931 


.99824: 


.07672 


.99705 


86 






25 


.00727 .99997 


.02472 


.99969 


.04217 


.99911 


.05960 


.99822 


.07701 


.99703 


35 






26 


.00756 .99997 


.02501 


.99969 


.04246 


.99910 


.05989 


.99821 


.orr3o 


.99701 


84 






27 


.00785 .99997 


.02530 


.99968 


.04275 


.99909 1 .00018 


.99819 


.07759 


.99699 


83 






28 


.008141.99997 


.02560 


.99967 


.04304 


.99907 


.06047 


.99817 


.07788 


.99696 


82 






29 


.00844 .99996 


.02589 


.99966 


.04333 


.99906 


.06076 


.99815 


.07817 


.99694 


81 






80 


.00873 99996 


.02618 


.99966 


.04362 


.99905 


.06105 


.99813 

1 


.07846 


.99692 


80 






31 


.00902*. 99996 


.02647 


.99965 


.04391 


.99004 ' .06134 


.99812' 


.07875 


.99689 


29 






32 


.00931 .99996 


.02676 


.99964 


.04420 


.99902 .06163 


.99810 


.07904 


.99687 


28 






88 


.00960 .99995 


.02705 


.99963 


.04449 


.99901 


.06192 


.99808 


.07933 


.99685 


27 






84 


.00989 .99995 


.02734 


.99963 


.04478 


.99900 


.06221 


.99806 


.07962 


.99683 


26 






85 


.01018 .99995 


.02763 


.99962 


.04507 


.99898 


.06250 


.99804 


.07991 


.99680 


25 






86 


.010471.99995 


.02792 


.99961 


.04536 


.99897 


.00279 


.99803 


.08020 


.99678 


24 






87 


.01076 .99994 


.02821 


.99960 


.04565 


.99896 


.06308 


.99801 


.08049 


.99676 


28 






88 


.01105 .99994 


.02850 


.99959 


.04594 


.99894 


.06337 


.99799 


.08078 


.99673 


22 






89 


.01134 .99994 


.02879 


.99959 


.04623 


.99893 


.06366 


.99797 


.08107 


.99671 


21 






40 


.01164 .99993 


.02908 


.99958 


.04653 


.99892 


.06395 


.99795 


.08136 


.99668 


ao 






41 


.01193 .99993 


.02938 


.99957 


.04682 


.99890 


.06424 


.99793 


.08165 


.99666 


19 






42 


.01222 .99993 


.02967 


.99956 


.04711 


.99889 .06453 


.99792 


.08194 


.99664 


18 






48 


.01251 .99992 


.02996 


.99955 


.04740 


.99888 : .06482 


.99790 


.08223 


.99661 


17 






44 


.01280 .99992 


.03025 


.99954 


.04769 


. 99886 i 1.06511 


.99788 


.08252 


.99659 


16 






45 


.01309 .99991 


.03054 


.99953 


.04798 


.99885 .06540 


.99786 


.08281 


.99657 


15 






46 


.01338 .99991 


.03083 


.99952 


.04827 


.99883 


.06569 


.99784 


.08310 


.99654 


14 






47 


.01367 .99991 


.03112 


.99952 


.04856 


.99882 


.06598 


.99782 


.08339 


.99662 


18 






48 


.01396 .99990 


.03141 


.99951 


.04885 


.99881 


.06627 


.99780 


.08368 


.99649 


12 






49 


.01425 .99990 


.03170 


.99950 


.04914 


.99879 


.06656 


.99778 


.08397 


.90647 


11 






60 


.01454 .99989 


.03199 


.99949 


.04943 


.99878 


.06685 


.99776 


.08426 j. 99644 


10 






51 


.01483 '.99989 


.03228 


.99948 


.04972 


.99876 


.06714 


.99774' 


.08455'' .99642 


9 






52 


.01513 .99989 


.03->r)7 


.99947 .a'VOOl 


.99875 


.06743 .99772 


.08484 


.99639 


8 






53 


.01C42 .99988 


.aS2«6 


.999461 .05030 


.99873 1 .06773 .99770 


.08513 


.99637 


7 






54 


.01571 .99988 


.03316 


.99945! .050.59 


.99872! 


.06802 


.99768 


.08542 


.99635 


6 






55 


.016001.99987; 


.0aS45 


.99944:1.05088 


.998701 


.06831 


.99766 


.08571 


.99632 


ft 






56 


.01629 .99987 


.03374 


.99943 


.05117 


.99869' 


.06860 .99764 


.08600 


.99630 


4 






57 


.01658 .99986 


.03403 


.99942 


.05146 


.99867! 


.06889 .99762 


.08629 


.99627 


8 






58 


.01687 .99986 


.03432 


.99941 i. 05175 


.99866 ".06918 .99760 


.086.58 


.99625 


8 




/ ^^) 


.owe .99985} 


.03461 


.99910 .05205 


.99864 .06947.99758 


.08687 


.99622 


1 




/ ^ ■ 01745 . 999851 . 03490 . 90939 , . 05234 
/ ^ /Cos/n J Sine / Cosin / Sine , Cosin 


.99863 .06976 .99756 


.08716 


.99619 







Sine \^Cosm \ €>v\i^ \\Co^ 


\«»Vxx^ 
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z_ 


/ 


89' 
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1 






Tablb II. — Natural Sines and CosnrBfl. 



1 , 


IQo 


IV 1 


120 


18» 1 


14* 


00 




/ 


Sine Cosin 
.17365 : 98481 


Sine 
.19061 


1 
Ck>flin 

.98163 


Sine Cosin 


Sine 


Cosin 


Sine 


Cosiii 




"o 


.20791 


.97815 


.22495 


.97437 


.24192 


.07080 




1 


.17393 .98476 


.19109 


.98157 


.20820 


.97809 


.22523 


.97480 


.24220 


.oToes 


60 




2 


.17422 .98471 


.19138 


.98152 


.20848 


.97803 


.22552 


.97424 


.24249 


.97016 


58 




8 


.17451 .98466, 


.19167 


.98146' 


.20877 


.97797 


.22580 


.97417 


.24277 


.07D06 


57 




4 


.17479 .98461! 


.19195 


.98140 


.20905 


.97791' 


.22608 


.97411 


.24805 


.97001 


50 




6 


.17508 .984551 


.19224 


.98135 


.20983 


.97784' 


.22637 


.97404 


.24883 


.96994 


56 




6 


.17537 .96450 


.19252 


.981291 


.20962 


.97778 


.22665 


^97396 


.24362 


.96967 


64 




7 


.17565 .98445 


.19281 


.98124, 


.20990 


.97772 


.22693 


.97891 


.24890 


.96960 


58 




8 


.17591 .98440 


.19309 


.98118 


.21019 


.97766 


.22722 


.97884 


.24418 


.96978 


6S 




9 


.17623 .98435 


.19338 


.98112 


.21047 


.97760 


.22750 


.97378 


.24446 


.96966 


51 




10 


.17651 .98430 


.19366 


.98107, 


.21076 


.97754 


.22778 


.97371 


.24474 


.96950 


50 




11 


.17680 


.98125 


.19395 


.981011 


.21104 


.97748 


.22807 


.97365 


.24503 


.96952 


40 




12 


.17708 


.98420 


.19423 


.98096. 


.21132 


.97742 


.22835 


.97358 


.24581 


.96945 


48 




18 


.17737 


.98414' 


.19452 


• yCH/trv 1 


.21161 


.97735 


.22863 


.97351 


.24569 


.90987 


47 




14 


.17766 


.98409' 


.19481 


.98084, 


.21189 


.97729 


.22892 


.97345 


.24687 


.96930 


46 




1 15 


.17794 


.98404' 


.19509 


.98079: 


.21218 


.97723 


.22920 


.97338 


.24615 


.96923 


45 




i 16 


.17823 


.98399 


.19538 


.98073 


.21246 


.97717 


.22»48 


.97881 


.24644 


.96916 


44 




' 17 


.17852 


.9839411.19566 


.98067 


.21275 


.97711 


.22977 


.97825 


.24672 


.96909 


48 




1 18 


.17880 


.983891 


.19595 


.98061 


.21303 


.97705 


.23005 


.97318 


.24700 


.96902 


43 




' 19 


.17909 


.98:383' 


.19023 


.98056 


.21331 


.97698 


.23033 


.97311 


.24728 


.96894 


41 




, 20 


.17937 


.98378 


.19652 


.98050 


.21360 


.97692 

J 


.23062 


.97304 


.24766 


.96887 


40 




21 


.17966 


. 98373 i 1.19680 


.98044' 


.21388 


.97686 


.23090 


.97298 


.24784 


.96680 


30 




22 


.17995 


.98368,,. 19709 


.98039 


.21417 


.97680 


.23118 


.97291 


.24818 


.96873 


88 




23 


.18023 


.98362 


.19737 


.93033 


.21445 


.97673 


.23146 


.97284 


.24841 


.96666 


87 




84 


.18052 


.98357 


.19766 


.98027' 


.21474 


.97667; 


.23175 


.97278 


.^4869 


.96856 


86 




25 


.18081 


.98352 


.19794 


.98021, 


.21502 


.97661 


.2:3203 


.97271 


.24897 


.96851 


85 




26 


.18109,. 98347 


.19823 


.98016, 


.21530 


.97655 


.23231 


.97264 


.24925 


.96844 


84 




27 


.18138 .98341 


.19851 


.98010 


.21559 


.97648 


.23260 


.97257 


.24954 


.96837 


83 




28 


.18166'. 98*36 i 


.19680 


.98004' 


.21587 


.97642 


.23288 


.97251 


.24982 


.96829 


82 




29 


.18195 .983311 


.19908 


.97993 


.21616 


.97636 


.23316 


.97244 


.25010 


.96822 


81 




SO 


.18224 


.98325 .19937 
. 98320 |i. 19965 


.97992 


.21644 


.97630 


.23345 


.9?237 


.25038 


.96816 


30 




81 


.18252 


.97987 


.21672 


.97623' 


.23373 


.97230 


.25066 


.96807 


20 




82 


.18281 


.98315 .199W 


.97981 


.21701 


.97617 


.2:3401 


.97223 


.25094 


.96800 


28 




83 


.18309 


.98:310; .20022 


.97975 


.21729 


.97011 .23429 


.97217 


.25122 


.96798 


27 




84 


.18338 


. 98304 'i. 20051 


.97969 


.21758 


.97604, .23458 


.97210 


.25151 


.96786 


26 




85 


.18367 


.98299' 1.20079 


.97963 


.21786 


.97598 


.23486 


.97203 


.25179 


.96778 


25 




86 


.18395 


.98294;;.2J108 


.97958 


.21814 


.97592 


.23514 


.97196 


.25207 


.96771 


2i 




37 


.18424 


.982^8, .20136 


.97952 


.21843 


.97585 


.23542 


.97189 


.25235 


.96764 


23 




38 


.18452 


.98283 .20165 


.97946 


.21871 


.97579' 


.23571 


.97182 


.25263 


.96756 


22 




39- 


.18481 


.982771 .20193 


.97940 .21899 


.97573 


.23599 


.97176, 


.25291 


.96749 


21 




40 


.18509 


.98272 .20222 


.97934 , .21928 


.97566 


.23627 


.97169, 


.25320 


.96742 


20 




41 


.18538 


.982671 '.20250 


.97928 .21956 


.97560 


.23656 


.971621 


.25348 


.96784 


10 




42 


. 18567 i. 98261!! .20279 .97922 i .21985 


.97553, 


.23684 


.97155: 


.25376 


.96727 


18 




48 


.18595!. 98256: .20:307 


.97916 i .22013 


.97547 


.23712 


.971481 


.25404 


.96719 


17 




44 


.18624 .982501 1.20336 .97910, 


.22041 


.97541 1 


.23740 


.971411 


.25432 


.96712 


16 




45 


.18652 .98245,1.20364 


.97905, 


.22070 


.97534 


.23769 


.97134, 


.25460 


.90705 


15 




46 


.18681 .98240, .20393 


.97899 


.22098 


.97528 


.23797 


.97127; 


.25488 


.96697 


14 




47 


.18710 .982341!. 20421 


.97893' 


.22126 


.97521, 


.23825 


.97120, 


.25516 


.96690 


18 




48 


.18738 .98229 | .20450 


.978871 


.22155 


. 97515 > 


.23853 


.97113; 


.25545 


.96682 


12 




49 


.187671.9822:3 ,.20478 


.978811 


.22183 


.975061 


.23882 


.97106 ' .25573 


.96675 


11 




60 


. 18795 1. 98218,,. 20507 


.97875 


.22212 .97502; 


.23910 


.97100,' 25601 .96667 


10 




51 


.188241.98212 1.20535 


.97869 .22240 '.97496 


.23938 


.97093 1.25629 .96660 


9 




52 


.18852 .98207 


.20563 .978631 .22268 .97489 


.23966 


.97086: 


.25657 .96658 


8 




53 


.18881 .98201 


.20592 .97857, .22297 .97483 


.23995 


.97079 


.25685 .96645 


7 




54 


.18910 .981 96 


.20620 .97851 : .22325 ■ .97476 


.24023 


.97072, 


.25713 .96638 


6 




55 


.189381.98190' .20649 .97845 'i .22353 .97470 ' .24051 


.97065, 


.25741 .96630 


5 




56 


.18967 1. 98185 11.20677 .97839 1.22382 .97463' 


.24079 


.97058 


.25769 .96623 


4 




57 


.18995 .981791. 20706,. 97833' 1.22410. 97457 


.24108 


.970511 


.25798 .96615 8 




58 


.19024 .98174 ',.20734 .97827, .22438 .97450 


.24136 


.97044' 


.25826 .96606' 2 




59 


.19052. 98168 il .20763 .97821 , .22467 .97444 | .24164 


.97037 


.25854 .96600 1 




601.19061 . 98163/ i .207911.97815 ' .2U95. 9^43,7 \ .24192 


.97030' 


.25882 .96593, 




^ /OosJn / Sine / Ck)8in 1 


Sine ' Cosin Sine \ 


\ Co8m\ Slu© \\Coaisi «,\x» \ \ 


/ 


r^* 


// 


78" 


II ^.yo 


\\ ift« w 


IV 


\ 


A 



84 



Tasls n.— Natural Sines aito Cosikes. 





1 

2 
3 
4 

6 
6 

7 

8 

9 

10 

11 
U 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
21 
25 
26 
27 
28 
29 

ao 

81 
82 
83 
84 
85 
86 
87 
88 
89 
40 



20« 



Sine Cosin 



.34202 
.34229 
.34257 
.81284 
.34311 
.34339 
.34366 
.34393 
.34421 
.34148 
.81475 

.34503 
.34530 
.34557 
.31584 
.34612 
.34639 
.34666 
.34694 
.34721 
.34748 

.34775 
.81803 
.34830 
.34857 
.34884 
.34912 
.34939 
.34966 
.34993 
.35021 

.35048 
.35075 
.35102 
.85130 
.35157 
.35184 
.35211 
.35239 
.35266 
.35293 

.35320 
.35347 
.35375 
.35402 
.35429 
.35456 
.35484 
.35511 
.35538 
.35665 



.93969 
.93959 
.93949 
.93939 
.93929 
.93919 
.93909 
.93899 
.93889 
.93879 



.93859 
.93849 
.93839 
.93829 
.93819 
.93809 
.93799 
.93789 
.93779 
.93769 

.93759 
.93748 
.93738 
.93728 
.93718 
.93708 
.93698 
.93688 
.93677 
.93667 

.93657 

.93647 

.93637 

.93626 

.93616' 

.93606 

.93596 

.93585 

.93575 

.93565 

.93555' 

.93544 

.93534 

.93524 

.93514 

.93503 

.93493 

.93483 

.93472 

.93462 

.35692 '.93452 
.35619 .93441 
.356471.93431 
.356741.93420 
.357011.93110 
85728 .93400 



.35756 
.35782 



.93389 
.983791 



35810;. 9896S 
dO 1.35837 1. 93S^ 

'CoBinj Sine 



21< 



Sine 

.35837 
.35864 
.35891 
.35918 
.35945 
.35973 
.36000 
.36027 
.36054 
.36081 
.36108 

.36135 
.36102 
.36190 
.36217 
.36244 
.36271 
.36298 
.36325 
.36352 
.36379 

.36406 
.36434 
.36461 
.36488 
.30515 
.36542 
.36569 
.36596 
.36623 
.36650 

.36677 
.36704 
.36731 
.36758 
.36785 
.36812 
.36839 
.36867 
.36894 
.36921 

.36948 
.36975 
.37002 
.37029 
.37056 
.37083 
.37110 
.37137 
.37164 
.37191 

.37218 
.37245 
.87272 
.37299 
.37326 
.37353 
.37380 
.37407 
.87434 
S7461\ 

CkPBiD 



Cosin 

.93358 

.93348 

.93337 

.93327 

.93316 

.93306! 

.93295 

.93285 

.93274 

.93264 

.93263 

.93243 
.93232 
.93222 
.93211 
.93201 
.93190 
.93180 
.93100 
.93150 
.93148 

.93137 
.93127 
.93116 
.93106 
.93095 
.93084 
.93074 
.93063 
.93052 
.93042 

.93031 
.93020 
.93010 
.92999 
.92968 
.92978 
.92967 
.92956 
.92945 
.92935 

.92924 
.92913 
.93902 
.92892 
.92881 
.92870 
.92859 
.92849 
.92838 
.92827 

.92816 
.92805 
.92794 
.92784 
.92773 
.92762 
.92751 
.92740 
.92729 
\92718 

Bine 



22< 



Sine Cosi n 

.92718 
.92707 
.92697 
.92686 
.92676 
.92664 
.92653 
.92642 
.92631 
.92620 
.92609 



.374611 
.87488 
.37515 
.37542 
.87569 
.37595 
.37622 
.37649 
.37676 
.37703 
.37730 

.37757 
.37784 
.37811 
.37838 
.37865 
.37892 
.87919 
.37946 
.87973 
.37999 

.38026 

.88053' 

.38060 

.38107 

.38134 

.38101 

.38168 

.38215 

..S8241 

.38268 

.38295 
.88322 
.38819 
.36376 
.38403 
.38430 
.38456 
.38483 
.36510 
.36537 

.38564 
.38591 
.38017 
.86044 
.38671 
.38098 
.38725 
.38752 
.38778 
.38805 

.38832 

.38659 
.38666 
.88912 
.36939 
.38966 
.38993 
1.39020 
L 39046 
.39073 



23< 



.92598 
.92587 
.92576 
.92565 
.92554 
.92543 
.92532 
.92521 
.92510 
.92499 

.92488 
.92477 
.92460 
.92455 
.92444 
.92432 
.92421 
.92410 
.92399 
.92386 

.92377 
.92366 
.92355 
.92343 
.92332 
.92321 
.92310 
.92299 
.92287 
.92276 

.92265 
.92254 
.92243 
.92231 
.92220 
.92209 
.92196 
.92186 
.92175 
.92164 

.92152 
.92141 
.92130 
.92119 
.92107 
.92096 
.92085 
.92073 
.92062 
.92050 : 



Jine 

.89078 
.89100 
.89127 
.39168 
.39180 
.89207 
.39231 
.39260 
.39287 
.39314 
.39341 

.39367 
.39394 
.39421 
.39448 
.39474 
.39501 
.39526 
.39555 
.39581 
.u9dUo 

.39635 
.89001 
.39668 
.39715 
.39741 
.39768 
.39795 
.89622 
.39646 
.39675 

.39902 
.89926 
.39955 
.39962 
.40006 
.40035 
.40062 
.40086 
.40115 
.40141 

.40168 
.40195 
.40221 
.40248 
.40275 
.40301 
.40326 
.40355 
.40381 
.40408 

.40434' 

.40461 

.40486 

.40514 

.40541 

.40567 

.40594 

.40621 

.40647 

.40674 



Cosin 



Oosin Sine 1 1 Cosin 



.92050 
.92039 
.92028 
.92016 
.92006 
.91994 
.91982 
.91971 
.91959 
.91946 
.91936 

.91926 
.91914 
.91902 
.91691 
.91879 
.91868 
.91856 
.91845 
.91833 
.91822 

.91810 
.91799 
.91787 
.91775 
.91764 
.91752 
.91741 
.91729 
.91718 
.01706 

.91694 
.916€8 
.91671 
.91660 
.91646 
.91636 
.91625 
.91613 
.91601 
.91590 

.91576 
.91566 
.91555 
.91543 
.91531 
.91519 
.91506 
.91496 
.91481 
.91472 

.91461 
.91449 
.91437 
.91425 
.91414 
.91402 
.91390 
.91378 
.91366 

Sin© 



24« 



Sine Cosin 



60 
59 
58 



.91855 
.91843 
.91831 
.91319; 57 
.918071 56 
.91295 55 
.91288 54 
.91272 53 
91260 62 



.91248 
.91286 

.91224 
.91212 
.91200 
.01188 
.91176 
.91164 



.91152 43 



.91140 
.91128 
.91116 



.91104 89 

.910921 88 

.91080 37 

.01068 

.91066 

.91044 

.91032 

.91020 

.91006 
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.40727 
.40753 
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.40833 
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.40913 
.40939 
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.41019 
.41045 
.41072 
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.41125 
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.41176 
.41204 

.41231 
.41257 
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.41310 
.41337 
.41363 
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.41416 
.41443 
.41469 
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.41522 
.41549 
.41575 
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.41628 
.41655 
.41681 
.41707 
.41734 
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.41767 
.41813 
.41840 
.41666 
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.42209 
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.90972 
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.90948 
.90936 
.90924 
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.90887 
.90875 

.90863 
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.90689 
.90826 
.90614 
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Table II.— Natural Sinks and Cosines. 
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Sine Cosin 

57368 .81915 
.81899 



4 
6 
6 
7 
8 
9 
10 





1 .57381 

2 ' .57405 

3 ! .57429 
.57453 
.57477 
.57501 
.57524 
.67548 
.57572 
.57596 



11 .57619 



.57643 
.57667 
.57691 
.57715 
.57738 

17 1 .57762 

18 .57786 

19 ' .57810 
20,. 57833 



12 
13 
14 
15 
16 



21!. 67857 

22 : .57881 

23 { .57904 

24 1 .57928 

25 ; .57952 

26 i .57976 

27 1 .57999 

28 .58023 
29!. 58047 

80 .58070 

81 .58094 

82 .58118 

33 .58141 

34 : .58165 

35 .58189 

36 .58212 

37 .58236 

38 .58260 
89 .58283 

40 |. 58307 

41 ' .58330 

42 .58354 

43 .58378 

44 .58401! 

45 .58425! 

46 .68449| 
.58472, 
.58496 
.58519 
.58543 



.68567 
.68590 
.58614 
.58637 
.58661 
.58684 
.58708 
.58731 
.68755 
.58779 

Cosin 



.81882 
.81865 
.81848 
.81832 
.81815 
.81798 
.81782 
.81765 
.81748 

.81731 
.81714 
.81698 
.81681 
.81664 
.81647 
.81631 
.81614 
.81597 
.81580 

.81563 
.81M6 
.81530 
.81513 
.81496 
.81479 
.81462 
.81445 
.81428 
.81412 

.81395 
.81378 
.81361 
.81344 
.81327 
.81310 
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.81276 
.81259 
.81242 

.81225 
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.81174 
.81157 
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81123 
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.810041 
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.809701 
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.80936! 
.809191 
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Sine 
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Sine 

.58779 
.68802 
.68826 
.68849 
.68873 
.58896 
.58920 
.58943 
.58967 
.58990 
.69014 

.69037 
.59061 
.59084 
.59108 
.59131 
.59154 
.69178 
.69201 
.59225 
.59248 

.59272 
.69295 
.59318 
.59342 
.59365 
.69389 
.69412 
.69436 
.59459 
.59482 

.59506 
.59529 
.59552 
.69576 
.59599 
.59622 
.59646 
.59669 
.59693 
.69716 

.69739 
.59763 
.59786 
.59809 
.69832 
.59856 
.69879 
.59902 
.59926 
.59949 

.59972 
.59995 
.60019 
.60042 
.60065 
.60089 
.60112 
.60135 
.60158 
.60182 
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.80902 
.80885; 

.oOoOi i 

.80850i 

.80833! 

.808161 

.80799 

.80782 

.80765 

.80748 

.80730 

.80713 
.80696 
.80679 
.80662 
.80644 
.80627 
.80610 
.80593 
.80576 
.80558 

.80541 1 

.80524 

.80507, 

.80489 

.80472 

.80455 

.80438 

.80420 

.80403 

.80386 

.80368' 

.80351! 

.80334 

.80316 

.80299 

.80282 

.80264; 

.80247 

.80330| 

.80212 

.801961 

.80178 

.80100, 

.80143; 

.80125' 

.80108; 

.800911 

.80073' 

.80056 

.80038; 

80021; 

80003 
.79986 
.79968 
.79951 
.79934 
.79916 
.79899 
.79881 
.79864 

Sine i 
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.601^ 
.60205 
.60228 
.60251 
.60274 
.60298 
.60321 
.60344 
.60367 
.60390 
.60414 

.60437 
.60460 
.60483 
.60506 
.60529 
.60553 
.60576 
.60599 
.60622 
.60645 

.60668 
.60691 
.60714 
.60738 
.60761 
.60784 
.60807 
.60830 
60853 
.60676 

.60699 
.60922 
.60945 
.60968 
.60991 
.61015 
.61038 
.61061 
.61084 
.61107 

.61130 
.61153 
.61176 
.61199 
.61222 
.61245 
.61268 
.61291 
.61314 
.61337 

.61360 
.61383 
.61406 
.61429 
.61451 
.61474 
.61497 
.61520 
.61543 
.61566 

Cosin 



Cosin 

.79664 
.79846 
.79829 
.79811 
.79793 
.79776 
.79758 
.79741 
.79723 
.79706 
.79688 

.79671 
.79653 
.79635 
.79618 
.79600 
.79583 
.79665 
.79547 
.79530 
.79512 

.79494 
.79477 
.79459 
.79441 
.79424 
.79406 
.79388 
.79371 
.79353 
.79335 

.79318 
.79300 
.79282 
.79264 
.79247 
.79229 
.79211 
.79193 
.79176 
.79158 

.79140 
.79122 
.79105 
.79087 
.79069 
.79051 
.79033 
.79016 
.78998 
.78980 

.78962 
.78944 
.78926 
.78908 
.7S891 
.78873 
.78855 
.78837 
.78819 
7«S0\ 

Sin© 
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.61566 
.61589 
.61612 
.61635 
.61658 
.61681 
.61704 
.61726 
.61749 
.61772 
.61796 

.61818 

.61841 

.C1864 

.61887 

.61909 

.61932 

.61955 

.61978, 

.620011 

.62024 

.62046' 

.62069 

.62092 

.621161 

.62186! 

.62160 

.62183 

.62206 

.62229 

.62251 

.62274 
.62297 
.62320 
.62342 
.62365 
.62888 
.62411 
.62433 
.62456 
.62479 

.62502 
.62524 
.62547 
.62570 
.62592 
.62615 
.62638 
.62660 
.62683 
.62706 

.62728 
.627.51 
.62774 
.62796 
.62819 
.62842 
.62864 
.62887 



Cosin 

:^^i 

.78783 
.78765 
.78747 
.78729 
.78711 
.78694 
.78676 
.78658 
.78640 
.78622 

.78604 
.78686 
.78568 
.78660 
.78632 
.78614 
.78496 
.78478 
.78460 
.78442 

.78424 
.78406 
.78387 
.78369 
.78351 
.78333 
.78315 
.78297 
.78279 
.78261 

.78243 
.78225 
.78206 
.78188 
.78170 
.78152 
.78134 
.78116 
.78098 
.78079 

.78061 
.78043 
.78025 
.78007- 
.77988 
.77970 
.77952 
.77934 
.77916 
.77897 

.77879 
.77861 
.77843 
.77824 
.77806 
.77788 
.77769 
.77751 
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.62932 
.62955 
.62977 
.63000 
.63022 
.63045 
.63068 
.63090 
.63118 
.63135 
.63158 

.63180 

.63203 

.63225 

.63248 

.63271 

.63293 

.63316 

.63338' 

.63361 

.68888 

.63406 
.63428 
.68451 
.63473 
.63496 
.63618 
.63640 
.63563 
.63585 
.63608 

.63680 
.63653 
.63675 
.63696 
.63720 
.63742 
.63765 
.63787 
.63810 
.63832 

.63854 

.63877 

.63899 

.63922 

.63944 

.63966' 

.639891 

.640111 

.640331 

.64056 



.77715 
.77696 
.77678 
.77660 
.77641 
.77623 
.77606 
.77586 
.77568 
.77560 
.77531 

.77518 
.77494 
.77476 
.77468 
.77489 
.77421 
.77402 
.77384 
.77366 
.77347 



60 
59 
68 
57 
66 
65 
64 
53 
52 
51 
50 

40 
48 
47 
46 
46 
44 
48 
42 
41 
40 



89 
38 
87 
36 
85 
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64" 



63< 



52" 




.77829 

.77810 

.77292 

.77273 

.77255 

.77236; 34 

.772181 33 

.77199:32 

.77181131 

.77162 80 

.77144 29 
.77126 28 
.77107127 
.77088 26 
.77070125 
.77051 ; 24 
.77033: 23 
.77014' 22 
.76996' 21 
.76977 20 

.76959 19 
.76940 18 
.76921^17 
.76903' 16 
.76884 16 
.76866 14 
.768471 13 
.76828! 12 
.768101 11 
76791 10 

9 
8 
7 
6 
6 
4 
8 
2 



.64078 .76772 
.64100 ,'.76754 
.641231.76735 
.641451.76717 
.64167 .76696 
.64190 1.76679 1 
.64212 .766611 
.64234 . 76642 i 
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Table III,— Nattoal TAKGauTS and Cotangkhts. 
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Table III.— Natural Tangents and Cotangents. 
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Table IV.— Natural Versed Sines and External Secants 
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ioisio 

'.otxn 
.04S3e 

.04344 



.01477 

.OMRa 

.04195 



SSli 



illll I .01 



.0C961 
,05»71 

.ati«si 
.osmi 



,04B1»1 . .(KMlfi \\ 
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Table IV.— Natubal Versed Sines and External Secants. 



/ 


24*» 




Vers. 


Ex. sec. 





.06645 


.09464 


1 


.08657 


.09478 


2 


.06669 


.09492 


3 


.g6681 


.09506 


4 


.08693 


.09520 


6 


. .08705 


.09585 


6 


.08717 


.09549 


7 


.06728 


.09563 


8 


.06740 


.09577 


9 


.08752 


.09592 


10 


.06764 


.09606 


11 


.08776 


.09620 


12 


.08788 


.09685 


.18 


.08800 


.09649 


14 


.08812 


.09663 


15 


.08824 


.09678 


16 


.08836 


.09692 


17 


.08848 


.09707 


18 


.08860 


.09721 


19 


.08872 


.09735 


20 


.08884 


.09750 


21 


.08896 


.09764 


22 


.08908 


.o&m 


23 


.08920 


.09793 


-24 


.08932 


.09808 


25 


.08944 


.09622 


26 


.08956 


.09837 


27 


.06968 


.09851 


28 


.08980 


.09866 


29 


.08992 


.09880 


80 


.09004 


.09895 


81 


.09016 


.09909 


32 


.09028 


.09921 


83 


.09040 


.09939 


84 


.09052 


.09953 


35 


.09064 


.09968 


36 


.09076 


.09982 


37 


.09089 


.09997 


38 


.09101 


.10012 


39 


.09113 


.10026 


40 


.09125 


.10041 


41 


.09187 


.10055 


42 


.09149 


.10071 


43 


.09161 


.10085 


44 


.09174 


.10100 


45 


.09186 


.10115 


46 


.09198 


.10130 


47 


.09210 


.10144 


48 


.09222 


.10159 


49 


.09234 


.10174 


50 


.09247 


.10189 


51 


.00259 


.10204 


52 


.09271 


.10218 


58 


.09283 


.10233 


54 


.09296 


.10248 


65 


.09808 


.10263 


56 


.09320 


.10278 


57 


.09832 


.10293 


S8 


.09345 


.10308 



69 / .09357 
60 I .09369 



.10323 
,10338 i 



1 
25» 

1 


Vera. 
.09369 


Ex. sec. 


.10338 


.09882 


.10353 


.09394 


.10868 


.09406 


.10883 


.09418 


.10398 


.09431 


.10413 


.09448 


.10428 


.09455 


.10443 


.09468 


.10458 


.09480 


.10473 


.09493 


.10488 


.09505 


.10508 


.09517 


.10518 


.09530 


.10533 


.09542 


.10549 


.09554 


.10564 


.09567 


.10579 


.09579 


.10594 


.09592 


.10609 


.09604 


.10625 


.09617 


.10640 


.09629 


.10655 


.09642 


.10670 


.09654 


.10686 


.09666 


.10701 


.09679 


.10716 


.09691 


.10731 


.09704 


.10747 


.09716 


.10762 


.097^ 


.10777 


.09741 


.10793 


.09754 


.10808 


.09707 


.10824 


.09779 


.10839 


.09792 


.10854 


.09804 


.10870 


.09817 


.10885 


.09829 


.10901 


.09842 


.10916 


.09854 


.10932 


.09867 


.10947 


.09880 


.10968 


.09892 


.10978 


.09905 


.10994 


.09918 


.11009 


.09930 


.11025 


.09943 


.11041 


.09955 


.11056 


.09968 


.11072 


.09981 


.11087 


.09993 


.11103 


.10006 


.11119 


.10019 


.11134 


.10032 


.11150 


.10044 


.11166 , 


.10057 


.11181 ! 


.10070 


.11197 


.10082 


.11213 


.10093 


.112529 



26« 



Vera. 



.10108 
I .10121 1 



.11244 
.11260 



.10121 
.10183 
.10146 
.10159 
.10172 
.10184 
.10197 
.10210 
.10223 
.10236 
.10248 

.10261 
.10274 
.10287 
.10300 
.10318 
.10326 
.10888 
.10851 
.10364 
.10877 

.10390 
.10403 
.10416 
.10429 
.10442 
.10455 
.10468 
.10481 
.10494 
.10507 

.10520 
.10588 
.10546 
.10559 
.10572 
.10585 
.10598 
.10611 
.10624 
.10G37 

.10650 
.10663 
.10676 
.10689 
.10702 
.10715 
.10728 
.10741 
.10755 
.10768 

.10781 
.10'i'94 
.10807 
.10820 
.10833 
.10847 
.lOft^ 
.lQ(B.7'i 



Ex. sec. 



1260 
1276 
1292 
1308 
1323 
1889 
1855 
1871 
1887 
1403 
1419 

1485 
1451 
1467 
1483 
1499 
1515 
1581 
1547 
1568 
1579 

1595 
1611 
1627 
1643 
1659 
1675 
1691 
1708 
1724 
1740 

1756 
1772 
1789 
1805 
1821 
1888 
1854 
1870 
1886 
1903 

1919 
1936 
1952 
1968 
1985 
2001 
2018 
2084 
2051 
2007 

12084 
12100 
12117 
12133 
.12150 
.12166 



27* 



Vera. 



10699 
10913 
10926 
10939 
10952 
10965 
10979 
10992 
11005 
11019 
11032 

11045 
11058 
11072 
11085 
11098 
11112 
11125 
11138 
11152 
11165 

11178 
11192 
11205 
11218 
11232 
11245 
11259 
11272 
11285 
11299 

11312 
11326 
11389 
11353 
11866 
11380 
11893 
11407 
11420 
11434 

11447 
11461 
11474 
11488 
11501 
11515 
11528 
11542 
11555 
11569 



Ex. sec. 



.12233 
.12249 
.12266 
.12288 
.12299 
.12816 
.12883 
.12849 
.12866 
.12883 
.12400 

.12416 
.12433 
.12450 
.12467 
.12484 
.12501 
.12518 
.12534 
.12551 
.12568 

.12585 
.12602 
.12619 
.12636 
.12653 
.12670 
.12687 
.12704 
.127^1 
.12788 

.12755 
.12772 
.12789 
.12807 
.12824 
.12841 
.12858 
.12875 
.12892 
.12910 

.12927 
.12944 
.12961 
.12979 
.12996 
.18018 
.13031 
.13048 
.13065 
.18083 



11583 .18100 51 

11596 .13117 52 

11610 .13185 53 

11623 .18152 54 

11637 .13170 55 

11651 I .13187 I 6ft V 





1 

2 
3 
4 
6 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
80 

81 
82 
83 
84 
85 
86 
87 
88 
89 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
60 
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Table: IV.— Natueal Vebssd Sinks and Extkhbal Sboantb. 




JMi/i 



i 

il 



Table IV.— Natural Versed Sines and External Secants. 








48- 


49* 


se- 


5P 









Vers. 


Ex. sec. 


Vers. 


Ex. sec. 


vers. 


Ex. sec. 


Vers. 


• 

Ex. sec. 






.88067 


.49448 


.84394 


.52425 


.35721 


.65572 


.87068 


.58902 






1 


.33109 


.49496 


.34416 


.52476 


.85744 


.65626 


.87091 


.58959 


1 






2 


.33130 


.49544 


.34438 


.52527 


.35766 


.66680 


.37113 


.59016 


2 






8 


.38152 


.49593 


.34460 


.52579 


.35788 


.65734 


.37136 


.59073 


3 






4 


.33173 


.49641 


.34482 


.52630 


.85810 


.55789 


.87158 


.59130 


4 






5 


.33195 


.49690 


.34504 


.52681 


.85833 


.55843 


.87181 


.59188 


5 






6 


.33217 


.49738 


.84526 


.52732 


.35855 


.55897 


.87204 


.59245 


6 






7 


.83238 


.49787 


.84548 


.52784 


.35877 


.65951 


.37226 


.59302 


7 






8 


.83260 


.49835 


.84570 


.52835 


.35900 


.56005 


.87249 


.59360 


8 






9 


.83282 


.49884 


.34592 


.52886 


.35922 


.56060 


.37272 


.69418 


9 






10 


.38303 


.49933 


.34614 


.52938 


.85944 


.66114 


.87294 


.69475 


10 






11 


.83325 


.49981 


.84636 


.52989 


.85967 


.56169 


.87817 


.69533 


11 






13 


.83347 


.50030 


.84658 


.53041 


.85989 


.56223 


.87340 


.59590 


12 






13 


.83368 


.50079 


.84680 


.53092 


.86011 


.56278 


.37362 


.59648 


13 






14 


.33390 


.50128 


.34702 


.53144 


.36034 


.56332 


.87385 


.69706 


14 






15 


.83412 


.50177 


.84724 


.53196 


.36056 


.56387 


.87408 


.59764 


15 






16 


.33434 


.50226 


.84746 


.53247 


.36078 


.66442 


.87430 


.59822 


16 






17 


.33455 


.50275 


.84768 


.58299 


.86101 


.66497 


.37453 


.59880 


17 






18 


.83477 


.50324 


.84790 


.58351 


.86128 


.66551 


.87476 


.59938 


18 






19 


.83499 


.50373 


.84812 


.53403 


.86146 


.56606 


.87498 


.59996 


19 






20 


.83520 


.50422 


.34834 


.63455 


.86168 


.66661 


.37521 


.60054 


20 






21 


.83542 


.50471 


.84856 


.53507 


.36190 


.66716 


.87544 


.60112 


21 






22 


.aS564 


.50521 


.34878 


.58559 


.36213 


.66771 


.87567 


.60171 


22 






23 


.33586 


.50570 


.34900 


.68611 


.36235 


.66826 


.37589 


.60229 


23 






24 


.33607 


.50619 


.84923 


.58663 


.86258 


.66881 


.37612 


.60287 


24 






25 


.33629 


.50669 


.84945 


.53715 


.36380 


.56937 


.37635 


.60346 


25 






26 


.83651 


.50718 


.81967 


.53768 


.36302 


.56992 


.37658 


.60404 


26 






27 


.33673 


.50767 


.84989 


.53820 


.86325 


.67047 


.37680 


.60463 


27 






28 


.38694 


.50817 


.85011 


.58872 


.36347 


.57103 


.37703 


.60521 


28 






29 


.8Sn6 


.50666 


.35033 


.53924 


.36370 


.57158 


.37726 


.60580 


29 






80 


.83738 


.50916 


.85055 


.53977 


.36392 


.67213 


.37749 


.60639 


80 






81 


.88760 


.50966 


.35077 


.54029 


.86415 


.67269 


.37771 


.60698 


81 






82 


.88782 


.51015 


.85099 


.54062 


.36437 


.57324 


.37794 


.60756 


82 






83 


.83803 


.51065 


.35122 


.54134 


.36460 


.57380 


.37817 


.60615 


83 






84 


.33825 


.51115 


.35144 


.54187 


.36482 


.57436 


.37840 


.60874 


84 






85 


.38847 


.51165 


.85166 


.54240 


.36504 


.57491 


.37862 


.60933 


85 






86 


.33869 


.51215 


.85188 


.54292 


.36527 


.57547 


.37885 


.60992 


86 






87 


.38891 


.51265 


.35210 


.64345 


.36549 


.57603 


.37908 


.61051 


87 






88 


.83912 


.51314 


.85232 


.54398 


.36572 


.57659 


.37931 


.61111 


38 






89 


.83934 


.513&4 


.85254 


.54451 


.36594 


.57715 


.37954 


.61170 


39 






40 


.38956 


.51415 


.85277 


.54504 


.36617 


.57771 


.37976 


.61229 


40 






41 


.83978 


.51465 


.35299 


.54557 


.36639 


.57827 


.37999 


.61288 


41 






42 


.34000 


.51515 


.85321 


.54610 


.36602 


.57883 


.38022 


.61348 


42 






43 


.84022 


.51565 


.35343 


.54663 


.36684 


.57939 


.88045 


.61407 


43 






44 


.84044 


.51615 


.35365 


.54716 


.36707 


.57995 


.88068 


.61467 


44 






45 


.84065 


.51665 


.85388 


.54769 


.36729 


.58051 


.38091 


.61526 


45 






46 


.84087 


.51716 


.35410 


.54822 


.86752 


.58108 


.38113 


.61586 


46 






47 


.34109 


.51766 


.35432 


.64876 


.86775 


.58164 


.38136 


.61646 


47 






48 


.84131 


.51817 


.85454 


.64929 


.86797 


.58221 


.38159 


.61705 


48 






49 


.84153 


.51867 


.85476 


.54982 


.36820 


.58277 


.38182 


.61765 


49 






50 


.84175 


.51918 


.85499 


.55086 


.36842 


.58333 


.38205 


.61825 


60 






51 


.84197 


.51968 


.a5521 


.55089 


.36865 


.68390 


.38228 


.61885 


51 






52 


.84219 


.52019 


.85543 


.55143 


.36887 


.58447 


.38251 


.61945 


52 






53 


.84241 


.52069 


.35565 


.55196 


.36910 


.58503 


.38274 


.62005 


63 






54 


.34262 


.52120 


.a5588 


.55250 


.36932 


.58560 


.38296 


.62065 


64 






65 


.34284 


.52171 


.85610 


.55303 


.36955 


.68617 


.38319 


.62125 


65 






56 


.84306 


.52222 


.85032 


.55357 


.86978 


.68674 


.38342 


, .62185 


l^ 


^ 




67 


.34328 


.52273 


.35654 


.55411 


.87000 


\ .serrav^ 


\\ .?JKK5» 


\ A*)a!A& 


\^ \ 


/ ^ 


.84350 


.62323 i 


.85677 


.55465 


.3702a 


\ .is&'rea 


\\ .'SUK85 


!>\ .^^JSM 




69 


.84872 1 


.62374 


.85699 


.55518' 


1 .»7045 
W .8706S 


\ .se»AS 


► A-^;j 






/ 60 1 


.84394 1 


.62425 '/ 


.35721 


.65572 


;\ .sesw 


iW ."«8A 


54\\ .^ 



XIO 



! IV.-Natdbal Vki 



B3- ' H' 



i 



I 



m^m 



/ii:s!:si' 



mm 



Table IV.— Natural Versed Sines and ExTEftKAL SsOAKtP. 



60< 



Vers. 



.60000 
.60036 
.60060 
.60076 
.50101 
.60196 
.50151 
.50176 
.50202 
.50227 
.50262 

.60277 
.50303 
.50328 
.50853 
.50378 
.60404 
.60429 
.60454 
.60479 
.60505 

.50630 
.50555 
.50581 
.60606 
.50631 
.50656 
.50682 
.50707 
.50732 
.60758 

.50783 
.50808 
.50834 
.50859 
.50884 
.50910 
.50935 
.50960 
.50986 
.61011 

.51036 

.51062 

.51087 

.51113 ! 

.51138 

.51163 

.51189 

.51214 

.51239 

.51265 



.M290 

.51316 

.51341 

.51366 

.51392 

.51417 

.51443 

61468 

61494 



£x jse 



1.00000 
1.00101 
1.00202 
1.00808 
1.00404 
1.00606 
1.00607 
1.00706 
1.00610 
1.00912 
1.01014 

1.01116 
1.01216 
1.01320 
1.01422 
1.01525 
1.01628 
1.01730 
1.01833 
1.01936 
1.02039 

1.02148 
1.02246 
1.02349 
1.02453 
1.02557 
1.02661 
1.02765 
1.02869 
1.02973 
1.03077 

1.03182 
1.03286 
1.03391 
1.03496 
1.03601 
1.03706 
1.08811 
1.03916 
1.04022 
1.04128 

1.04233 
1.04339 
1.04445 
1.04551 
1.04658 
1.04764 
1.04870 
1.04977 
1.05084 
1.05191 



1.05298 
1.05405 
1.05512 
1.05019 
1.05727 
1.05835 
1.05942 
1.06050 
1.06158 



61< 



Vers, i Ex. sec. 



.61519 I 1.06267 



.51519 
.61544 
.61670 
.61595 
.51621 
.51646 
.51672 
.51697 
.61728 
.61748 
.61774 

.51799 
.61825 
.61850 
.61876 
.51901 
.51927 
.51952 
.51978 
.52003 
.52029 

.52054 
.52080 
.52105 
.62131 
.62156 
.52182 
.52207 
.62233 
.52259 
.52284 

.52310 
.52335 
.52361 
.52386 
.52412 
.52138 
.52463 
.52489 
.52514 
.52540 

.52566 
.52591 
.52617 
.52642 
.52668 
.52694 
.52719 
.52745 
.52771 
.52796 

.52822 

.52848 

.52873 

.52899 

.52924 

.52950 

.52976 

.5m)\ 

.58027 

.58053 



.06267 
.06375 
.06488 
.06692 
.06701 
.06809 
.06918 
.07027 
.07137 
.07246 
.07866 

.07465 
.07675 
.07686 
.07796 
.07905 
.08016 
.06126 
.08286 
.08847 
.06458 

.C8569 
.08680 
.08791 
.08908 
.09014 
.09126 
.09238 
.09350 
.09462 
.09674 

.09686 
.09799 
.09911 
.10024 
.10137 
.10250 
.10368 
.104rr 
.10590 
.10704 

.10817 
.10931 
.11046 
.11159 
.11274 
.11888 
.11508 
.11617 
.11732 
.11847 

.11963 
.12078 
.12193 
.12309 
.12425 
.12540 
.12657 1 
.12778 1 
.12889 \\ 
.13005 X 



68« 



Vers. 



Ex. sec. 



.68068 
.68079 
.68104 
.68180 
.68156 
.68181 
.58207 
.53283 
.53258 
.53284 
.53810 

.53386 
.53361 
.53387 
.63418 
.63439 
.53464 
.53490 
.53516 
.53542 
.53567 

.53508 
.53619 
.53645 
.53670 
.63696 
.58722 
.53748 
.53774 
.53799 
.53826 

.58851 
.53877 
.53908 
.53928 
.53954 
.63960 
.54006 
.54032 
.54058 
.54083 

.54109 
.64135 
.54161 
.54187 
.54213 
.54238 
.54264 
.54290 
.54316 
.54342 

.54868 

.54394 

.54420 

.54446 

.54471 

.54497 

.54523 

.54549 

.5457& 

.M601 



18006 
18122 
18289 
18866 
18478 
18600 
18707 
18825 
18942 
14060 
14178 

14296 
14414 
14588 
14661 
14770 
14860 
16006 
16127 
15246 
15366 

15465 
1.5605 
15725 
15845 
16966 
16065 
16206 
16826 
16447 
16668 

16669 
16610 
16982 
17068 
17176 
17297 
17419 
17541 
17668 
17786 

17909 
18081 
18154 
18277 
18401 
18524 
18648 
16772 
18895 
19019 

19144 
19268 
19398 
19517 
19642 
19767 
19892 



6S» 



Vera. 



64601 
64627 
64668 
64679 
64705 
64781 
64757 
64782 
64606 
64684 
64660 

54666 
64912 
64986 
64964 
54990 
55016 
66042 
65066 
66094 
66120 

66146 
55172 
65196 
65224 
55250 
65276 
65302 
65826 
65354 
66880 

66406 
55483 
65458 
65484 
55510 
56586 
55668 
56569 
65615 
65641 

66667 
55698 
65719 
55745 
65771 
65797 
65828 
55849 
65876 
55902 

55926 
55954 
65960 
56006 
56032 
56056 
66064 



1.90860 
1.20896 
1.20621 
1.20647 
1.20778 

i.aoeoo 

1.81006 
1.81168 
1.81880 
1.81407 
1.81686 

1.81668 
1.81790 
1.81018 
1.88045 
1.88174 
1.88808 
1.88480 
1.28660 
1.82668 
1.22817 

1.82046 
1.28075 
1.88806 
1.28884 
1.88464 
1.88504 
1.88724 
1.88665 
1.88965 
1.84116 

1.84847 
1.84878 
1.84600 
1.24640 
1.847i!3 
1.84808 
1.26086 
1 85167 
1.26800 
1.25488 

1.25565 
1.25697 
1.25680 
1.26063 
1.86097 
1.26880 
1.26864 
1.26496 
1.26632 
1.26766 

1.26900 
1.27036 
1.87169 
1.27804 
1.87489 
1.87574 
1.27710 




1 
8 
8 

4 
5 
6 
7 
8 

10 

11 
18 
18 
14 
16 
16 
17 
18 
10 
80 

81 
88 
88 
84 
85 
86 
87 
88 
80 
80 

81 



84 
85 
86 
W 
88 
80 
40 

41 
48 
48 
44 
46 
46 
47 
48 
40 
60 

51 
58 
68 
54 
66 



66 
57 



k 



U9 
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Table IV.— Natural Versed Sines akd External Seoauts. 








68* 


69» 


70O 


tv 


"o 






Vers. 


Ex. sec. 


Vers. 


Ex. see. 


Vers. 


Ex. sec. 


Vers. 


Ex. sec. 






.62539 ; 1.66947 


.64163 


1.79048 


.65798 


1.92380 


.67448 


2.07166 






1 


.62566 


1.67139 


.64190 


1.79254 


.65825 


1.92614 


.67471 


2.07416 


1 






2 


.62593 


1.6r332 


.64218 


1.79466 


.65858 


1.92849 


.67496 


8.07875 


8 






8 


.62620 


1.67525 


.&4245 


1.79679 


.65880 


1.98063 


.67526 


2.07986 


8 






4 


.62647 1 1.67718 


.64272 


1. 79891 


.65907 


1.98318 


.67553 


2.06197 


4 






5 


.62674 1.67911 


.64299 


1.80104 


.65935 


1.93554 


.67:^1 


2.06459 


6 






6 


.62701 1.68105 


.64326 


1.80818 


.65962 


1.98790 


.67608 


2.06721 


6 






7 


.62?28 1.68299 


.^353 


1.80531 


.65989 


1.94026 


.67686 


2.06988 


7 






8 


.62755 ! 1.68494 


.64381 


1.80746 


.66017 


1.94263 


.67663 


2.09246 


8 






9 


.62782 : 1.68689 


.64406 


1.80960 


.66044 


1.94500 


.67691 


2.09510 


9 






10 


.62809 


1.68884 


.64435 


1.81175 


.66071 


1.94787 


.67718 


2.09774 


10 






11 


.62836 


1 69079 


.64462 


1.81890 


.66099 


1.94975 


.67746 


2.10038 


11 






12 


.62863 


1.69275 


.64489 


1.81605 


.66126 


1.95218 


.67778 


2.10603 


18 






13 


.62890 


1.69471 


.64517 


1.81821 


.66154 


1.95452 


.67801 


2.10566 


18 






14 


.62917 


1.69667 


.64644 


1.82037 


.66181 


1.95691 


.67829 


2.10684 


14 






15 


.62944 


1.69864 


.64571 


1.82254 


.66208 


1.95981 


.67866 


2.11101 


15 






16 


.62971 


1.70061 


.64598 


1.82471 


.66236 


1.96171 


.67884 


2.11867 


16 






17 


.62998 


1.70258 


.W625 


1.82688 


.66263 


1.96411 


.67911 


2.116R6 


17 






18 


.63025 


1.70455 


.64653 


1.82906 


,66290 


1.96652 


.67939 


2.11908 


18 






19 


.63052 


1.70653 


.64680 


1.83124 


.66318 


1.96898 


.G7966 


2.12171 


19 






20 


.63079 


1.70851 


.64707 


1.83812 


.66345 


1.97135 


.67994 


2.12440 


80 






21 


.63106 


1.71050 


.64734 


1.83561 


.66373 


1.97377 


.68021 


2.12709^ 


81 






22 


.63133 


1.71249 


.64761 


1.83780 


.66400 


1.97619 


.68049 


8.12979 


23 






23 


.63161 


1.71448 


.64789 


1.83999 


.60427 


1.97862 


.68077 


8.13849 


88 






24 


.63188 


1.71647 


.64816 


1.84219 


.66455 


1.98106 


.68104 


8.13S20 


84 




. 


25 


.63215 


1.71847 


.64843 


i.844;l9 


.66482 


1.98349 


.68132 


8.18791 


85 






26 


.61242 


1.72047 


.64870- 


1.84659 


.66510 


1.96594 


.68159 


2.14063 


86 






27 


.63269 


1.72247 


.64898 


1.84880 


.66537 


1.98888 


.68187 


2.14385 


87 






28 


.63296 


1.72448 


.04925 


1.85102 


.66564 


1.99083 


.68214 


2.14606 


86 






29 


.63123 


1.72649 


.64952 


1.85323 


.66592 


1.99829 


.68242 


2.14661 


89 






30 


.63350 


1.72850 


.64979 


1.85545 


.66619 


1.99574 


.68270 


8.16166 


80 






31 


.63377 


1.73052 


.65007 


1.85767 


.66647 


1.99821 


.68297 


2.15429 


81 






82 


.63404 


1.73254 


.65034 


1.85990 


.66674 


2.00067 


.68825 


8.15704 


88 






83 


.63431 


1.78456 


.65061 


1.86213 


.66702 


2.00816 


.68852 


2.15679 


88 






84 


.63458 


1.7:1659 


.65088 


1.86437 


.66?29 


2.00562 


.68380 


8.16256 


84 






85 


.63485 


l.r3862 


.65116 


1.86661 


.66756 


2.00610 


.68406 


2.16681 


86 






86 


.63512 


1.74065 


.65148 


1.86885 


.66784 


2.01059 


.68436 


8.16808 


86 






87 


.63539 


1.74269 


.65170 


1.87109 


.66811 


2.01306 


.68468 


8.17065 


87 






38 


.6a>66 


1.74473 


.65197 


1.87384 


.66839 


2.01567 


.68490 


8.17868 


88 






39 


.6-3594 


1.74677 


.65225 


1.87560 


.66866 


2.01807 


.68618 


8.17641 


89 






40 


.63621 


1.74881 


.65252 


1.87785 


.66894 


2.02067 


.68646 


8.17S20 


40 






41 


.61348 


1.75086 


.65279 


1.88011 


.66921 


2.02306 


.68673 


8.18199 41 






42; 


.61Jr5 


1.75292 


.65306 


1.88238 


.66949 


2.02559 


.68601 


8.16479 48 






43 


.6J702 


1.75497 


.65334 


1.88465 


.66976 


2.02810 


.68626 


8.16769 


48 




44 


.63729 


1.75703 


.65:101 


1.88692 


.67008 


2.03062 


.68666 


8.19040 


44 




145 .63758 


1.75909 


.65388 


1.88920 


.67031 


2.08316 


.68684 


8.19328 


45 




46, .63rS3 


1.76116 


.65416 


1.89148 


.67058 


2.0S568 


.68711 


2.19604 


46 






471 MiW 


1.7ai23 


.65443 


1.89376 


.67086 


2.03821 


.68'«'89 


2.10686 


47 






48; .03^3 


1.76.5*10 


.65470 


1.89605 


.67113 


2.04076 


.68767 


2.20169 


48 






49 


.63335 


1.76737 


.65497 


1.89834 


.67141 


2.04329 


.68794 


2.20453 


49 






50 


.63332 


1.76945 1 


.65525 


1.90063 


.67168 


2.04584 


.68822 


2.20737 


50 






51 


.63919 


1.77154 ■ 


.65552 


1.90293 


.67106 


2.04839 


.68849 


8.81021 


51 






52 .63346 


1.77862 


.65579 


1.90524 


.67223 


2.a5094 


.68877 


2.21806 


58 






53 .639r3 


1.77571 


.65007 


1.90754 


.672.51 


2.05350 


.68905 


2.21592 


58 






54 


.64000 1 77-780 


.65634 


1.90986 ! 


.67278 


2.05607 


.68982 


2.218» 


54 




/ 


55 


.64027 1.77990 


.65(561 


1.91217 


.67306 


2.05864 


.68960 


2.22165 


56 




/ 56/ .6mJ5 1 1.78200 } 


.6.568.9 


1.91449 1 


.67338 


2.06121 


.68988 


2.22452 


56 


.6o716 1.91081 


.67361 \ a.0e«T9 W 
.67388 \ 'it.mPP. \ 

.67416 \ a.06sm 


.69015 


2.22740 671 


.65743 1.91014 


\ .«J(W&\^.«M»aV»l 


£?/ '^*J'^ l.T>^S2 / 


.05771 1.92147 
65798 1 1.92380 


\\ .«S«!f{\\^.«BSaV»\ 


«// 


.«M 


lan I J. 


T9043 1 . 


1 .6744a \ a.Qr?\b& 
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Table Y. — S<%uares, Oubbb, Square ilooTS, 



No. 


Squares. 


Cubes. 


Square 
Roots. 


Cube Roots. 


Reciprocals. 


1 


1 


1 


1.0000000 


1.0000000 


1.000000000 


2 


4 


8 


1.4142136 


1.2599210 


.600000000 


8 


9 


27 


1.7320608 


1.4422496 


.888883838 


4 


16 


64 


2.0000000 


1.6874011 


.850000000 


5 


85 


126 


2.2360680 


1.7099759 


.800000000 


6 


86 


216 


24494897 


1.8171206 


.166666667 


7 


49 


848 


2.6467618 


1.9129612 


.142867148 


8 


64 


612 


2.8264271 


2.0000000 


.126000000 


9 


81 


?^ 


8.0000000 


8.0600687 


.111111111 


10 


100 


1000 


8.1622777 


8.1544347 


.100000000 


11 


121 


1381 


3.3166248 


8.2289601 


.090909001 


12 


144 


1728 


8.4641016 


2.2894266 


.068338888 


13 


169 


2197 


3.6055618 


8.8518847 


.078028O?7 


14 


196 


2744 


8.7416574 


8.4101422 


.071428571 


15 


225 


8875 


8.8729683 


8.4662121 


.UuuOOuDo/ 


16 


256 


4096 


4.0000000 


2.5196421 


.062600000 


17 


289 


4913 


4.1231056 


8.5712616 


.056628629 


18 


824 


5832 


4.2426407 


8.6207414 


.056556666 


19 


861 


6859 


4.3588969 


8.6664016 


.062631579 


20 


400 


8000 


4.4721360 


8.7144177 


.060000000 


21 


441 


9261 


4.5825757 


8.7569248 


.047619048 


22 


484 


10648 


4.6904158 


8.6020698 


.046454545 


23 


629 


12167 


4.7968816 


8.6488670 


.048478261 


21 


676 


13824 


4.8969796 


8.6644991 


.041666667 


25 


625 


15625 


5.0000000 


8.9240177 


.040000000 


26 


676 


17576 


6.0990196 


8.9624960 


.086461688 


27 


729 


19683 


5.1961624 


8.0000000 


.087037087 


28 


784 


21952 


5.2916026 


8.0865689 


.085714266 


29 


841 


24389 


6.3861648 


8.0788168 


.084482750 


80 


900 


27000 


6.4772256 


8.1072325 


.088888888 


31 


961 


29791 


5.6677644 


8.1418806 




32 


1024 


82768 


6.6568542 


8.1748021 


.031260000 


33 


1089 


85937 


5.7446626 


8.2075843 


.080808080 


84 


1166 


89304 


5.8309519 


8.2896116 


.029411766 


85 


1225 


42875 


5.9160798 


8.2710668 


.028671429 


86 


1296 


46656 


6.0000000 


8.3019272 


.027777778 


87 


1869 


60663 


6.0627625 


8.3322218 


.027027027 


88 


1444 


64872 


6.1644140 


8.8619754 


.026815769 


89 


1521 


69319 


6.2449980 


8.8912114 


.025641026 


40 


1600 


64000 


6.3245553 


8.4199619 


.026000000 


41 


1681 


68921 


6.4031242 


8.4482172 


.024890244 


42 


1764 


74068 


6.4807407 


8.4760266 


.028609624 


43 


1849 


79607 


6.5574385 


8.5083981 


.028265814 


44 


1936 


85184 


6.6332496 


8.6806488 


.022727878 


45 


2025 


91125 


6.7082039 


8.6568938 


.022222222 


46 


2116 


97336 


6.7823300 


8.5830479 


.021789180 


47 


2209 


103823 


6.8656546 


8.60R8261 


.021276600 


48 


2304 


110592 


6.9282082 


8.6342411 


.020838888 


49 


2401 


117649 


7.0000000 


8.6698057 


.020408168 


50 


2500 


125000 


7.0710678 


8.6840814 


.020000000 


61 


2601 


132651 


7.1414284 


8.7064296 


.019607848 


62 


2704 


140606 


7.2111026 


8.7825111 


.010280769 


53 


2809 


148877 


7.2801099 


8.7662868 


.018667925 


54 


2916 


157464 


7.3484692 


8.7797681 


.016618619 


55 


8025 


166375 


7.4161985 


8.8029625 


.018161818 


66 


8136 


175616 


7.4833148 


8.6^8624 


.017857148 


57 


8249 


185198 


7.5496344 


8.8485011 


.017648860 


58 


3364 


196112 


7.6157731 


8.8706766 


.017241879 


60 
60 


84S1 
8600 


216000 


7.6811457 
7.7459667 


8.6929965 


.016049168 


\ .XSVtXKKlwi 


61 


8721 


2269fn 


7.8102497 


\ ^.^saMsvi^ 


\ .^\«Si»A^ 


62 1 


8844 / 


288828 


7.874D079 


\ a.^ywavs 


\ .^^ssewsft 
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CUBE BOOTS, AND BECIPBOCALS. 





Ka 


Squares. 


Cubes. 


Square 
Boots. 


Cube Boots. 


Beciprocals. 






68 


8060 


260047 


7.9372539 


8.9790571 


.015878016 






64 


4096 


262144 


8.0000000 


4.0000000 


.015625000 






66 


4226 


274625 


8.0622577 


4.0207256 


.015384615 






66 


4856 


287496 


8.1240384 


4.0412401 


.015161515 






67 


4489 


800763 


8.1853528 


4.0616480 


.014925378 






68 


4624 


814432 


8.2462113 


4.0616551 


.014705882 






60 


4761 


828509 


8.8066289 


4.1015661 


.014492754 






70 


4900 


843000 


8.3666003 


4.1212858 


.014285714 






71 


6041 


867911 


8.4261498 


4.1406178 


.014084507 






78 


6184 


873248 


8.4832814 


4.1601676 


.018888889 






78 


6339 


889017 


8.5440037 


4.1798390 


.013698630 






74 


6476 


405224 


8.6023253 


4.1983364 


.013518514 






76 


6626 


421875 


8.6602540 


4.2171633 


.013333333 






78 


6776 


438976 


8.n77979 


4.2358236 


.013157895 






77 


6929 


456533 


8.7749644 


4.2543210 


.0121)87013 






78 


6084 


474552 


8.8317609 


4.2726586 


.012820513 






79 


6241 


493089 


8.8881944 


4.2906404 


.012658228 






80 


6400 


512000 


8.9442n9 


4.3066695 


.012500000 






81 


6561 


631441 


0.0000000 


4.8267487 


.012345679 






83 


6724 


551368 


9.0553851 


4.8444816 


.012195122 






88 


6889 


671787 


9.1104336 


4.8620707 


.012048193 






84 


7056 


692704 


9.1651514 


4.8795191 


.011904762 






86 


7225 


614125 


9.2195445 


4.8968296 


.011764706 • 


* A 




86 


7896 


636056 


9.2736185 


4.4140049 


.011627907 ' 


• • 




87 


7569 


658508 


9.3273791 


4.4310476 


.011494253 .' 


1 « 




88 


7744 


681472 


9.8806315 


4.4479602 


.011363636 






80 


7921 


704969 


9.4339611 


4.4647451 


.011285956 . 


• 




00 


8100 


729000 


0.4868380 


4.4814047 


.011111111 


1 • 




01 


8281 


753571 


0.5393920 


4.4979414 


.010989011 : 






08 


8464 


778688 


9.5916630 


4.5143574 


.010869565 . 


# ■ 




08 


8649 


804357 


9.6436506 


4.5306549 


.010752688 


. • 




04 


8886 


830584 


0.6953597 


4.5468359 


.010638298 -« 


#' 




06 


9035 


857875 


9.7467943 


4.5629026 


.010526316 






06 


9216 


864736 


9.7979590 


4.5788570 


.010416667 






07 


9409 


912673 


9.8488578 


4.5947009 


.010309278 






96 


9604 


941192 


9.8994949 


4.6104363 


.0102(^082 






00 


9601 


970299 


0.9498744 


4.6260650 


.010101010 






100 


10000 


1000000 


10.0000000 


4.6415888 


.010000000 






101 


10201 


1030301 


10.0496756 


4.6570095 


.009900990 






103 


10404 


1061208 


10.0996049 


4.6723287 


.009808922 






103 


10609 


1092^^ 


10.1488916 


4.6875482 


.009706788 






104 


10616 


1124864 


10.1980390 


4.7026694 


.009615385 






105 


11025 


1157625 


10.2469506 


4.7176940 


.009523810 






106 


11236 


1191016 


10.2956301 


4.7326235 


.009433962 






107 


11449 


1225043 


10.3440604 


4.7474594 


.009345794 






106 


11664 


1259712 


10.3923048 


4.7622082 


.003259259 






100 


11881 


1295029 


10.4403066 


4.7768562 


.009174812 






110 


12100 


1331000 


10.4880665 


4.7914199 


.009090909 






111 


12321 


1367681 


10.5356538 


4.8058055 


.009009009 






112 


12544 


1404928 


10.5830052 


4.8202845 


.008928571 






118 


12769 


1442897 


10.6801458 


4.8345881 


.008849558 






114 


12996 


1481544 


10.C770788 


4.6488076 


.0067n930 






115 


13225 


1520875 


10.7238053 


4.8629442 


.008695652 






116 


13456 


1560606 


10.7703296 


4.8769990 


.008620690 






117 


13689 


1601613 


10.8166588 


4.8909732 


.008547009 






118 


13924 


1643032 


10.8627805 


4.9048681 


.006474576 






110 
120 


14161 
14400 


1686159 
1728000 


10.9087121 


4.9186847 


.006403361 






10.9644512 


4.9324242 


.006333883 






121 


14641 


1771561 


11.00/0000 


4.9460674 


.006264463 1 






1(S2 


14884 


1815848 


11.0453610 


\ 4.VWSW» 
\ 4.'8R««SSa 




J 128 1 
1 124 1 


15129 


1860667 


iLOdOsaws 


16376 


1906624 


U.iaB85»7 



V-*! 



Table Y.— Squares, Cubbb, Square Roots* 



No. 


Squares. 


Cubes. 


Square 
Boots. 


Cube Roots. 


ReciprocalB. 


126 


15625 


1953125 


11.1808899 


6.0000000 


.006000000 


136 


15878 


2000876 


11.2249722 


6.0182979 


.007986606 


127 


16129 


2048383 


11.2694277 


6.0265257 


.007874016 


128 


16384 


2097153 


11.3137065 


6.0396842 


.007812600 


129 


16641 


2146689 


11.3578167 


6.0627743 


.007761988 


130 


16900 


2197000 


11.4017548 


6.0667970 


.007692806 


131 


17161 


2248091 


11.4455281 


6.0787581 


.007688688 


182 


17424 


2299968 


11.4891258 


6.0916484 


.007576758 


133 


17689 


2352687 


11.5325626 


6.1044687 


.007618797 


134 


17956 


2406104 


11.5758869 


6.1172299 


.007462687 


135 


18225 


2460375 


11.6189500 


6.1299278 


.007407407 


136 


18496 


2515456 


11.6619088 


6.1425683 


.007852941 


137 


18769 


2571353 


11.7046999 


6.1561867 


.007299270 


138 


19044 


2628072 


11.7473401 


6.1676493 


.007246377 


139 


19321 


2685619 


11.7898261 


6.1801016 


.007194245 


140 


19600 


2744000 


11.8321596 


6.1924941 


.00n42857 


141 


19881 


2803221 


11.8743421 


6.2048279 


.007092199 


142 


20164 


2863288 


11.9168753 


6.2171084 


.007042254 


143 


20449 


2924207 


11.9582607 


6.2298215 


.006993007 


144 


20736 


2985984 


12.0000000 


5.2414828 


.006944444 


145 


21025 


8018625 


12.0415946 


6.2585879 


.006896553 


146 


21316 


8112136 


12.0830460 


6.2656874 


.006849316 


147 


21609 


8176523 


12.1243557 


6.2776321 


.006802721 


1 148 


21904 


8241792 


12.1655251 


5.2895725 


.006756757 


^'. 149 


22201 


8307949 


12.2065556 


6.3014693 


.006711409 


J 150 


22500 


8375000 


12.5^474487 


6.3182928 


.006666667 


: 151 


22801 


3442951 


12.2882057 


5.3250740 


.006622517 


152 


23104 


8511808 


12.3288280 


6.8368068 


.006678947 


.' 153 


23409 


8581577 


12.3693169 


6.8484812 


.006535948 


.. 154 


23716 


8652264 


12.4096736 


6.3601064 


.006493606 


''" 155 


24025 


8723875 


12.4498996 


6.8716854 


.006451613 


.-- 156 


24336 


8796416 


12.4899960 


5.3882126 


.006410256 


157 


24649 


8869893 


12.5299641 


6 3946907 


.006369427 


158 


24964 


3944312 


12.5698051 


6.4061202 


.006329114 


159 


25281 


4019679 


12.6095202 


6.4175015 


.006289806 


160 


25600 


4096000 


12.6491106 


6.4288353 


.006250000 


161 


25921 


4173281 


12.C885VV5 


6.4401218 


.C06211180 


162 


26244 


4251528 


12.7279221 


6.4518618 


.006172840 


163 


26569 


4330747 


12.76n453 


6.4625566 


.006184969 


164 


26896 


4410944 


12.8062485 


5.4787087 


.006097561 


165 


27225 


4492125 


12.8452326 


6.4848066 


.006060606 


166 


27556 


4574296 


12.8840987 


6.4958647 


.006024096 


167 


27889 


4657463 


12.9228480 


6.5068784 


.005968024 


168 


28224 


4741632 


12.9614814 


6.5178484 


.005952381 


169 


28561 


4826809 


13.0000000 


6.5287748 


.0050171CO 


170 


S8900 


4913000 


13.03S4048 


6.6396583 


.006882853 


171 


29241 


5000211 


13.0766968 


6.5504991 


.005847953 


172 


29584 


5088448 


13.1148770 


6.5612978 


.005813963 


173 


29929 


5177717 


13.1520464 


6.5720546 


.006780647 


174 


30276 


5268024 


13.1909060 


6.5827703 


.006747128 


175 


80625 


5359375 


13.2287566 


6.5934447 


.005714286 


176 


80976 


5451776 


13.2664992 


6.6040787 


.005681818 


177 


31329 


6545233 


13.3041347 


6.6146724 


.005649718 


178 


31684 


6639752 


13.3416641 


6.6252263 


. .005617S78 


179 


82041 


5735339 


13.3790882 


6.6357408 


.005586603 


180 


82400 


6832000 


13.4164079 


6.6462163 


.005566666 


181 


82761 


6929741 


13.4536240 


6.6566528 


.005524863 


^ 182 1 


mi24 


6028568 


18.4907376 


6.6670511 


.005494506 


188 


8H489 


6128487 


18.5277493 


5 6774114 


.005464481 


184 


88856 


6229504 


13.5646600 


s.esrmiAa 


\ .QWMSA'Wa 


185 / 


S4ii25 I 


6331625 


18.6014705 


\ B.e«8fiil«l 


\ JCiKSMKVMXk 


186 1 


34596 1 


6434856 


18.6681817 


\ b.7aes8OTs 


\ jcyxfiR^^yw 




l^ 



CUBE ROOTS, AND RECIPROCALS. 



/ 



Ka 


Squares. 


Cubes. 


Square 
£oots. 


Cube Roots. 


Reciprocals. 


187 


84969 


6689203 


13.6747943 


5.7164791 


.005847594 


188 


85844 


6644672 


13.7113092 


5.7286543 


.005819149 


189 


85721 


6751260 


13.7477271 


6.7387936 


.005291005 


190 


86100 


6859000 


18.7840488 


6.7488971 


.006263158 


191 


86481 


6967871 


13.8202750 


6.7589652 


.006285602 


198 


86864 


7077888 


13.8664065 


6.7689982 


.005208338 


198 


87249 


7189057 


13.8924440 


5.7789966 


.005181847 


194 


87686 


7801384 


13.9263888 


6.7889604 


.005154689 


196 


88025 


7414875 


13.9642400 


6.7988900 


.005128205 


196 


88416 


7529536 


14.0000000 


5.8087857 


.005102041 


197 


88809 


7645373 


14.0356686 


6.8186479 


.005076142 


196 


89204 


7762392 


14.0712478 


5.8284767 


.0050&0505 


199 


89601 


7880599 


14.1067360 


5.8S82?25 


.005025126 


900 


40000 


8000000 


14.1421356 


6.8480R55 


.005000000 


aoi 


40401 


8120601 


14.1774469 


5.8577660 


.004975124 


802 


40604 


8242406 


14.2126704 


bM746iB 


.004950496 


806 


41209 


8365427 


14.2478068 


6.8771307 


.004926106 


804 


41616 


6180664 


14.2828569 


5.8^67053 


.004901961 


80S 


42025 


8615125 


14.3178211 


5.^963685 


.004878049 


806 


42436 


8741816 


14.3527001 


6.9059406 


.004854869 


807 


42849 


8869743 


14.3874946 


5.9154817 


.004880916 


808 


43264 


8998912 


14.4222051 


5.9249921 


.004807692 


809 


43681 


9129829 


14.4568823 


6.9344721 


.004784689 


210 


44100 


9261000 


14.4913767 


5.9439220 


.004761905 


811 


44521 


9393931 


14.5258390 


5.95S3418 


.004789886 


818 


44944 


9528128 


14.5602198 


6.9627820 


.004716961 


813 


45369 


9663597 


14.5945195 


5.9720926 


.004694836 


• 814 


45796 


0600344 


14.6287888 


5.9814240 


.004672897 


815 


46225 


9938875 


14.6628783 


5.9907264 


.004651163 


816 


46656 


10(»7r696 


14.6969385 


6.0000000 


.004629680 


817 


47069 


10218313 


14.7309199 


6.0092450 


.004608296 


818 


47524 


10860232 


14.7648231 


6.0184617 


.004587156 


819 


47961 


10503459 


14.7986486 


6.0276502 


.004666210 


880 


48400 


10G48000 


14.8823970 


6.0868107 


.004545455 


821 


48841 


10793861 


14.8660687 


6.0459486 


.004524687 


822 


49284 


10941048 


14.8996644 


6.0550489 


.004504505 


828 


49729 


11069567 


14.9331845 


6.0641270 


.004464806 


834 


60176 


11239424 


14.9666295 


6.0781779 


.004464266 


225 


60625 


11390625 


15.0000000 


6.0822020 


.004444444 


226 


51076 


11543176 


15.0832964 


6.0911994 


.004424779 


827 


51529 


11697068 


15.0665192 


6.1001702 


.004405266 


828 


51984 


11852352 


15.0996689 


6.1091147 


.004885965 


829 


52441 


12008989 


15.1327460 


6.1180882 


.004366812 


230 


52900 


12167000 


15.1657509 


6.1269257 


.004347826 


231 


53361 


12326391 


15.1086842 


6.1357924 


.0048£9004 


232 


53824 


12487168 


15.2316462 


6.1446887 


.004810845 


233 


54289 


12649337 


15.2643875 


6.1534495 


.004291845 


234 


54750 


12812904 


15.2970585 


6.1622401 


.00427a504 


235 


55225 


12977875 


15.3207097 


6.1710058 


.004255819 


236 


55696 


13144256 


15.3622015 


6.171.7466 


.004287288 


237 


56169 


13312053 


15.3948043 


6.1884628 


.004219409 


288 


56644 


13481272 


15.4272486 


6.1971544 


.004201681 


239 


57121 


13651919 


15.4596248 


6.2058218 


.004184100 


240 


57600 


18624000 


15.4919384 


6.2144650 


.004166667 


241 


68081 


13997521 


16.5841747 


6.2280843 


.004149878 


242 


58564 


14172488 


15.5563492 


6.2316797 


.004182281 


243 


59049 


14348907 


15.58W573 


6.2402515 


.004115226 


244 


59536 


14526784 


15.6204994 


6.2487JJ98 


.004096861 


245 


60025 


14706125 


15.6524756 


6.2578248 


.004081683 


246 


60516 


14886936 


15.6843871 


6.2fi5ft2.(5ft 


V 5»^M«SJiiA. 


247 

»i8 I 


61009 


16069223 


15.710'2aaft 


\ ^."ir;AS*S5A 


\ 5*y«i«»sa» 


61504 


16252992 


15.7480157 


vs.'i^riViY^ 


\ .^!f^v»ia^» 
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CUBE HOOTS, AND RECIPROCALa 



No. 


Squares. 


Cubes. 


Square 
Roots. 


Cube Roots. 


Reciprocals. 


811 


96*;^ 


80060231 


17.6351921 


6.7751690 


.003215434 


812 


97344 


80371328 


17.6685217 


6.7824iisi9 


.003205128 


813 


97969 


30664297 


17.6918060 


6.7896613 


.003194888 


814 


98596 


80959144 


17.rau0451 


6.7968841 


.003164713 


815 


99225 


81255875 


17.7482393 


6.6040921 


.003174603 


816 


99656 


31551496 


17.7763888 


6.8112847 


.003164657 


817 


100189 


31855018 


17.8044938 


6.8184620 


.003154574 


818 


101124 


82157432 


17.8325545 


6.8256242 


i)03144654 


819 


101761 


82161759 


17.8605711 


6.8327714 


.003134796 


820 


102400 


82768000 


17.8885438 


6.8399037 


.008125000 


821 


108041 


83076161 


17.9164729 


6.8470213 


.003115265 


322 


103684 


33386248 


17.9443584 


6.8541240 


.003105590 


823 


104329 


83698267 


17.9722008 


6.8612120 


.003095975 


824 


104976 


84012224 


18.0000000 


6.8682855 


.003066420 


825 


105625 


84328125 


18.02'/'/564 


6.8753443 


.003076923 


826 


106276 


84615976 


. 18.0554701 


6.8823888 


.003067485 


827 


106929 


849657R8 


18.0831413 


6.8894188 


.003058104 


828 


107584 


85287552 


i8.iiorro3 


6.8964345 


.003046780 


829 


106241 


85611280 


18.1383571 


6.9034859 


.003039514 


880 


106900 


85987000 


18.1659021 


6.9104232 


.003080303 


881 


109561 


36264691 


18.1934051 


6.9173964 


.003021146 


832 


1102^ 


86594868 


18.2208672 


6.9243556 


.008012046 


333 


110889 


86926087 


18.2482876 


6.9818006 


.003003008 


334 


111556 


87259704 


18.2756669 


6.9382321 


.002994012 


835 


112225 


87595375 


18.3030052 


6.9151496 


.002985075 


336 


112896 


87933056 


18.3303028 


6.9520533 


.002976190 


337 


113569 


38272753 


18.3575598 


6.9589434 


.002967359 


338 


114244 


88614472 


18.3847763 


6.9658198 


.002958580 


839 


114921 


88958219 


18.4119526 


6.9726826 


.002949853 


840 


115600 


89304000 


18.4390689 


6.9795821 


.002941176 


341 


116281 


89651821 


18.4661853 


6.9863681 


.002932551 


342 


116964 


40001688 


16.493^420 


6.9931906 


.002923977 


343 


117649 


40353607 


18.5202592 


7.0000000 


.002915452 


344 


118336 


40707584 


18.54?^370 


7.0067962 


.002906977 


345 


119025 


41063625 


18.5741756 


7 0135791 


.002898551 


846 


119716 


41421736 


18.6010752 


7.0203190 


.002890173 


347 


120409 


41761923 


18.6279360 


7.0271058 


.002881844 


848 


121104 


42144192 


18.6547581 


7.033&497 


.002873563 


349 


121801 


42508549 


18.6815417 


7.O4O5806 . 


.002865330 


850 


122500 


42875000 


18.7082869 


7;04'5'2987 


.002857148 


351 


123201 


43243551 


18.7349940 


7.0540041 


.002649003 


352 


123904 


43614208 


18.7616680 


7.0606967 


.002840909 


853 


1^609 


43986977 


18.7882942 


7.0673767 


.002832861 


854 


125316 


44361864 


18.8148877 


7.0740440 


.002824859 


355 


126025 


44738875 


18.8414437 


7.0806986 


.002816901 


856 


126736 


45118016 


18.8679623 


7.0873411 


.002808989 


357 


127449 


45499293 


18.8944436 


7.0939709 


.002801120 


358 


128164 


45882712 


18.9208879 


7.1005885 


.002793296 


859 


128881 
129600 


46268279 


18.9472953 

^C\ t\3f^t\t% t\ i> t\ 


7.iari937 

^M ^ ^ €\ 11 l~l 1 > 1^ 


.002785515 


360 


46656000 


18.9736660 


7.1137866 


.002'<'<VV'<6 


361 


130321 


47015881 


19.0000000 


7.1203674 


.O02'<70068 


862 


131044 


47437928 


19.0262976 


7.1269360 


.002762431 


863 


131769 


47832147 


19.0525589 


7.1334925 


.002754821 


864 


132496 


48228544 


19.0787840 


7.1400370 


.002747253 


865 


133225 


48627125 


19.1049732 


7.1465695 


.002739726 


366 


133956 


49027896 


19.1311265 


7.1580901 


.002732240 


867 


134689 


49430863 


19.1572441 


7.1595988 


.002724796 


368 


135424 


49836032 


19.1833261 


7.1660957 


.002717391 


369 


136161 


50243409 


19.2093727 


7.1725809 


.00271Q(KK l^ 


870 , 


136900 


60653000 


19.2:^53&4\ 


\ T .Vl<J(«A\ 


\ .'5«aW«SR» 


871 
372 1 


137041 


61064811 


10.26iafi0a 
10.287;m5 


\ T .VSfiVia 




138384 


61478M8 


\ T A'iVi^a 



l^l 



Table V.— Squares, Cubes, Squabe Roots, 



No. 


Squares. 


Cubes. 


Square 
Roots. 


( 


878 


1391S9 


61895117 


19.3132079 




874 


139876 


62313624 


19.3390796 




875 


140625 


52734376 


19.36^167 




876 


141376 


53157376 


19.3907194 




877 


142129 


53682633 


19.4164878 




878 


142884 


64010152 


19.4422221 




379 


143641 


64439938 


19.4679223 




880 


144400 


64872000 


19.4935887 




881 


145161 


65306341 


19.5192213 




882 


145924 


65742968 


19.5448203 




883 


146689 


56181887 


19.5703858 




884 


147456 


66623104 


19.5959179 




885 


148226 


57066625 


19.6214169 




886 


148996 


57512456 


19.6468827 




387 


149769 


57960603 


19.6723156 




388 


150544 


68411072 


19.6977156 




389 


151321 


68863869 


19.7230829 




390 


152100 


59319000 


19.7484177 




391 


152881 


69776471 


19.7787199 




392 


153664 


60236288 


19.7989899 




393 


154449 


60698457 


19.824fi276 




894 


155236 


61162984 


19.8494332 




895 


156025 


61629875 


19.8746069 




396 


156816 


62099136 


19.8997487 




397 


157609 


62570773 


19.9248588 




398 


158404 


63044792 


19.9499373 




399 


159201 


63521199 


19.9749844 




400 


160000 


64000000 


20.0000000 




401 


100801 


64481201 


20.0240844 




402 


161604 


&1964806 


20.0499877 




408 


16^09 


65450827 


20.0748599 




404 


163216 


65939264 


20.0997512 




405 


1&I025 


66430125 


20.1:^118 




406 


164836 


66923416 


20.1494417 




407 


165649 


67419143 


20.1742410 




408 


166464 


67917312 


20.1990099 




409 


16?281 


68417929 


20.2237484 




410 


168100 


68921000 


20.2484567 




411 


168921 


69426531 


20.2731349 




412 


169744 


69934528 


20.2977831 




413 


170569 


70444997 


20.3224014 




414 


171396 


70957944 


20.3469699 




415 


172225 


71473375 


20.3715488 




416 


173056 


71991296 


20.3960781 




417 


178889 


72511713 


20.4205779 




418 


174724 


73034032 


20.4450483 




419 


175561 


73560059 


20.4694895 




420 


176400 


74068000 


20.4939015 




421 


17T241 


74618^61 


20.5182845 




422 


178084 


75151448 


20.5426386 




423 


178929 


75686967 


20.5669638 




424 


179776 


;6225024 


20 5912603 




425 


180625 


76765625 


20.6155281 




426 


181476 


77308776 


20.6397674 




427 


182329 


77854483 


20.6639783 




428 


183184 


78402752 


20.6881609 




429 


184041 


78953589 


20.7123152 




490 1 


184900 


79507000 


20.7364414 




431 


185761 


80062991 


20.7605395 




432 


186624 


80621568 


a0.7&4(X097 \ 


433 / 


187489 


81182';'37 


20.8086520 \ 


434 1 


188366 1 


81746504 


20.8326667 


\ 



Cube Roots. 


Reciprocals. 


7.1964060 


.002680965 


7.2048322 


.002673797 


7.2112479 


.002666667 


7.2176522 


.002659574 


7.2240450 


.002652520 


7.2304268 


.002645503 


7.2367972 


.002638522 


7.2431565 


.002631579 


7.2495046 


.002624672 


7.2658416 


.002617801 


7.2621675 


.002610966 


7.2684824 


.002604167 


7.2747864 


.002597403 


7.2810794 


.002590674 


7.2873617 


.002583979 


7.2936330 


.002577320 


7.2996936 


.002570694 


7.3061486 


.002564103 


7.3123828 


.002557645 


7.3186114 


.0025.51020 


7.3248295 


.002544529 


7.3310369 


.002538071 


7.3372339 


.002531646 


7.3434205 


.00:^525253 


7.3495966 


.002518892 


7.3557ti24 


.002512663 


7.3619178 


.002506266 


7.3680630 


.002500000 


7.3741979 


.002493766 


7.3803227 


.002487562 


7.S864373 


.002481390 


7.3925418 


.002475248 


7.3986363 


.002469136 


7.404^06 


.002463064 


7.4107950 


.002457002 


7.4168595 


.002450980 


7.4229142 


.002444988 


7.4289589 


.002489024 


7.4349938 


.002433090 


7.4410189 


.00242n84 


7.4470342 


.002421306 


7.4530399 


.002415469 


7.4590359 


.002409639 


7.4650223 


.002403846 


7.4709991 


.002398062 


7.4769664 


.002392344 


7.4829242 


.002386635 


7.4888^4 


.002380962 


7.4948113 


.002375297 


7.5007406 


.002369668 


7.5066607 


.002364066 


7.5125715 


.002858491 


7.5184730 


.002352941 


7.5243652 


.002347418 


7.5302482 


.002341920 


7.5361221 


.002336449 


7.5419867 


.002331002 


7.6478428 


.002326581 


7.5536888 


.002320186 

i nrtaat AO-m 



7.563a&«a 
7 .57\\7Aa 



\ 
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CCBfi itoots, ANb ii:::dl«iOOAtS. 



No. 



435 
436 
437 
438 
439 

440 
441 
442 
443 
414 
445 
446 
447 
448 
449 

450 
451 
453 
453 
454 
455 
456 
457 
458 
459 

460 
461 
462 
463 
464 
465 
466 
467 
468 
469 

470 

4n 

472 
473 
474 
475 
476 
477 
478 
479 

480 
481 
482 
483 
484 
485 
486 
487 
488 
489 

490 
491 
492 
493 
494 
495 
496 



I 

Squares. 


Cubed. 


189225 


8S312d7S 


190096 


82881856 


190969 


83458453 


191844 


&1027672 


192721 


84604519 


193600 


86184000 


191481 


86766121 


195364 


86350688 


196219 


86938307 


197136 


87528384 


198025 


88121125 


198916 


88716536 


199809 


89314623 


2007(^ 


89915392 


201601 


90518S19 


202500 


91125000 


203101 


91733851 


201301 


92315106 


205209 


92959677 


206116 


93576661 


207025 


91196375 


207936 


91818816 


208849 


95413993 


209764 


960n912 


210681 


96702579 


211600 


97336000 


212521 


97972181 


2iai44 


98611128 


214369 


99252817 


215296 


99897314 


216225 


100544625 


217156 


101194696 


218089 


101817563 


219024 


102503232 


219961 


103161709 


220900 


103823000 


221811 


101487111 


222781 


105154018 


223729 


105823817 


221676 


106496121 


225625 


107171875 


226576 


107850176 


227529 


108531333 


228481 


109215352 


229411 


109902239 


230100 


110592000 


231361 


111281611 


232:^21 


111980168 


233289 


112678587 


231256 


113379904 


235225 


114061125 


236196 


114791256 


237169 


115501303 


238141 


116214272 


239121 


116930169 


210100 


117619000 


211081 


118:370771 


212061 


119095488 


213019 


119823157 


244036 


120553784 


;W5rt25 


121287375 


2miQ ; 


122023936 



Bquard 
Koots. 



80.8666686 
20.8806130 
20.9045450 
20.9284195 
20.9523268 

20.9761770 
21.0000000 
21.0237960 
21.0475652 
21.0718075 
21. 09502 Jl 
21.1187121 
21.1423745 
21.1660105 
21.1896201 

21.2132034 
21.2367606 
21.2602916 
21.2837967 
21.3072758 
21.3307290 
21.3541565 
21.3775583 
21.4009316 
21.4212853 

21.4476106 
21.4709106 
21.4941853 
21.5174348 
21.5106592 
21.5638587 
21.5870331 
21.6101828 
21.6333077 
21.6564078 

21.6794834 
21.7025»14 
21.7255610 
21.7485632 
21.7n5111 
21.7914^7 
21.8174212 
21.8103297 
21 8632111 
21.8860686 

21.9089023 
21.9317122 
21.9514981 
21.9772610 
22.0000000 
22.0227155 
22.0154077 
22.0680765 
22.0907220 
22.113ai44 

22.1.359436 
22.15*5198 
22.1810730 
22.2036033 
22.22ftnQft 

22.2r?\057^ 



Cube Hoots. 



r.5769649 
7.5627866 
7.5885798 
7.5943638 
7.6001386 

7.6059049 
7.6116626 
7.6174116 
7.6231519 
7.6288837 
7.6846067 
7.6403213 
7.6460272 
7.6517247 
7.6574183 

7.6680913 
7.6687665 
7.6744303 
7.0800857 
7.6857328 
7.6913717 
7.6970023 
7.7026246 
7.7062388 
7.7188448 

7.7194426 
7.7250325 
7.7306141 
7.7361877 
7.7417532 
7.7473109 
7.7528606 
7.7584023 
7.7639361 
7.7694620 

7.7749801 
7.7804904 
7.7859928 
7.7914875 
7.7969745 
7.8021538 
7.8079254 
7.8133892 
7.8188156 
7.8242912 

7.8297353 
7.8351688 
7.8405949 
7.8460134 
7.8514214 
7.8568281 
7.8622242 
7.8676130 
7.8720944 
7 8783684 

7.8837353 
7.8890946 
7.8914468 
7.8997917 

1 m^'i^a 



BedprocalB. 



.002296851 
.003298678 
.002288880 
.002288105 
.002277904 

.002272727 
.002267574 
.002262443 
.002257336 
.002252252 
.002247191 
.002242152 
.002237136 
.002232143 
.002227171 

.002222222 
.002217295 
.002212389 
.002207506 
.002202643 
.002197802 
.002192982 
.002188184 
.002183406 
.002178649 

.002173913 
.002169197 
.002164502 
.002159827 
.002155172 
.002150538 
.002145923 
.002141328 
.002136752 
.002132196 

.002127660 
.002123142 
.002118644 
.002114165 
.002109705 
.002105263 
.002100610 
.002096436 
.002092050 
.002067683 

.002068333 

.002079002 
.002074689 
.002070393 
.002066116 
.002061856 
.002057613 
.002053388 
.002049180 
.002044990 

.002010616 
.002036660 
.002032520 
.002028398 



Vd^ 



Table V.— Squares, CuBEft. Sqitaiie Roots, 



r" 



No. 



497 
498 
499 

600 
601 
603 
608 
604 
605 
606 
607 
606 
609 

610 
611 
612 
613 
514 
615 
616 
617 
618 
619 

620 
621 
622 
528 
624 
625 
626 
627 
528 
529 

530 
531 
532 
583 
534 
536 
536 
537 
538 
639 

540 
641 
542 
543 
&14 
645 
546 
647 
648 
649 




Squares. 



247009 

248004 
249001 

250000 
251001 
262J04 
253009 
254016 
265025 
256036 
257019 
258064 
259081 

280100 
261121 
262144 
263169 
264196 
265225 
266256 
267289 
268324 
269361 

270400 
271441 
272484 
273529 
274576 
275625 
276676 
277729 
278784 
279841 

280900 
281961 
283024 
284089 
285156 
286225 
287296 
288369 
289444 
290521 

291600 
292681 
293764 
294849 
295936 
297025 
298116 
299209 
300304 
801401 

802500 
303601 
804704 
805809 
8069i6 

sceoss 

309136 
310249 
311364 



Cubes.. 



122763473 
123505992 
124251499 

125000000 
125751501 
126506008 
127263527 
128024064 
128787625 
129554216 
130323843 
181096512 
131872229 

132651000 
183432831 
134217728 
135005697 
185796744 
186590675 
137388096 
138168418 
188991832 
189798359 

140608000 
141420761 
142236648 
143055667 
143877824 
144703125 
145581576 
146868183 
147197952 
148035889 

148877000 
149721291 
150968768 
151419437 
152273304 
153180375 
153990656 
154854153 
155720872 
156590619 

157464000 
158340421 
159220068 
16C103007 
160989184 
161878625 
162771336 
163667323 
164566592 
165469149 

166375000 

167284151 

168196606 

169112377 

170031464 

170953875 

171879616 

172808693 

173741112 



Square 
Koots. 



Cube Boots. 



22.2934968 
22.8159136 
22.3388079 

22.8606798 
22.3880293 
22.4058565 
22.4276615 
22.4499448 
22.4722051 
22.4944438 
22.5166605 
22.5388558 
22.5610283 

22.5831796 
22.6053091 
22.6274170 
22.6495038 
22.6715681 
22.6936114 
22.7156334 
22.7376340 
22.7596134 
22.7815715 

22.8035085 
22.8254244 
22.8473193 
22.8691933 
22.8910463 
22.9128785 
22.9346899 
22.9564806 
22.9782506 
23.0000000 

23.0217289 
23.043437^ 
23.0651252 
23.0867928 
23.1084400 
23.1300670 
23.1516738 
23.1732605 
23.1948270 
23.2163785 

23.2379001 
23.2594067 
23.2808935 
23.3023604 
23.3238076 
23.3452351 
23.3666429 
23.3880311 
23.4093998 
23.4307490 

23.4520788' 

23.4733892 

23.4946802 

23.5159520 

23.5372046 

23.5584380 

23.5796522 

23.6006474 

23.6220236 

1^ 



7.9210994 

7.9264085 
7.9317104 



7. 
7. 
7. 
7. 
7. 
7. 



.9870058 
.9422981 
.9475789 
.9528477 
.9581144 
.9683748 
7.9686271 
7.9738781 
7.9791122 
7.9848444 

7.9695697 
7.9947888 
8.0000000 
8.0052049 
6.0104032 
8.0155946 
8.0207794 
8.0259574 
8.0311287 
8.0362986 

8.0414515 
8.0466030 
8.0517479 
8.0568862 
8.0620180 
8.0671432 
8.0722630 
8.0773748 
8.0624800 
8.0675794 

8.0926723 
8.0977589 
8.1028890 
8.1079128 
8.1129603 
8.1180414 
8.1230962 
8.1281447 
8.1331870 
8.1382230 

8.1432529 
8.1482765 
8.1532989 
8.1583051 
8.1633102 
8.1683092 
8.1733020 
8.1782888 
8.1832695 
8.1882441 

8.1932127 
8.1981758 
6.2031319 
8.2080825 
8.2130271 
8.2179657 

B.23Sr74!^ 



Redprocals. 



\ 



.002012072 
.002006032 
.002004008 

.002000000 

.001996008 

.001992032 

.001988072 

.001964127 

.001960198 . 

.001976285 

.001972887 

.001966504 

.001964637 

.001960784 
.001956947 
.001953125 
.001949318 
.001945525 
.001941748 
.001937984 
.001934286 
.001980502 
.001926782 

.001923077 
.001919386 
.001915709 
.001912046 
.001908397 
.001904762 
.0019(H141 
.001897533 
.001893939 
.001890359 

.001886792 
.001883239 
.001879699 
.001876173 
.001873659 
.001869159 
.001865672 
.001862197 
.001858736 
.001855268 

.001651852 
.001848429 
.001^45018 
.001841621 
.001888235 
.001834862 
.001831602 
.001828154 
.001824818 
.001831494 

.001818182 
.001814882 
.001811694 
.001806318 
.001806054 
.001801802 
.001798561 



CUSE HOOTS, AND RECIPROCALS. 





No. 


Squares. 


Cubes. 


Square 
Koots. 


Cube Roots. 


Reciprocals. . 






660 


812481 . 


174676879 


23.6431806 


8.2376614 


.001788909 




560 


313600 


175616000 


23.6643191 


8.2425706 


.001785714 




661 


314721 


176558481 


23:6854386 


8.2474740 


.001782581 1 




662 


815844 


177504328 


23.7065392 


8.2523715 


001779859 ! 




663 


316969 


178453547 


^ 23.7276210 


8.2572633 


.001776199 1 




564 


318096 


179406144 


23.7486842 


8.2621492 


.001778050 i 




665 


819225 


180362125 


23.7697286 


8.2670294 


.001769912 




666 


320356 


181321496 


23.7907545 


8.2719089 


.001766784 




667 


321489 


182284263 


23.8117618 


8.2767726 


.001768668 




668 


822624 


183250432 


23.8327506 


8.2616355 


.001760663 




669 


323761 


184220000 


23.8537209 


8.2864928 


.001757469 






570 


824900 


185193000 


23.8746728 


8.2913444 


.001754886 






671 


326041 


186169411 


23.8956063 


8.2961903 


.001751813 






672 


82n84 


187149248 


23.9165215 


8.3010804 


.001748252 






673 


328329 


188132517 


23.9374184 


8.3058651 


.001745201 






674 


329476 


189119224 


23.9582971 


8.3106941 


.001742160 






675 


330625 


190109375 


23.9791576 


8.3155175 


.001739180 






676 


331776 


191102976 


24.0000000 


8.8203353 


.001736111 






677 


332929 


192100033 


24.0206243 


8.3251475 


.001783102 






578 


334064 


193100552 


24.0416306 


8.3299542 


.001780104 






679 


aS5241 


194104539 


24.0624188 


8.8347553 


.601727116 






680 


336400 


195112000 


24.0831891 


8.3395509 


.001724188 






581 


337561 


196122941 


24.1039416 


8.3443410 


.001721170 






682 


838724 


197137368 


24.1246762 


8.8491256 


.001718218 






683 


839689 


198155287 


24.1453929 


8.3539047 


.001715266 






684 


841056 


199176704 


24.1660919 


8.3586784 


.001712329 






685 


842225 


200201625 


24.1867732 


8.8634466 


.001709402 






586 


843396 


201230056 


24.2074369 


8.8682095 


.001706485 






587 


844569 


202262003 


24.2280629 


8.3729668 


.001703578 






588 


845744 


203297472 


24.2487113 


8.8V77188 


001700680 






689 


816921 


204336469 


24.2693222 


8.3824653 


001697793 






590 


348100 


205379000 


24.2899156 


8.3872065 


.001694915 






691 


849281 


206425071 


»4. 3104916 


8.3919423 


.001692047 






692 


350464 


207474688 


24.3310501 


8.3966729 


.001689189 






593 


851649 


208527857 


24.3515913 


8.4013981 


.001686841 






694 


352836 


209584584 


24.3721152 


8.4061180 


.001683502 






695 


354025 


210644875 


24.3926218 


8.4106326 


.0016806^ 






596 


355216 


211708736 


24.4131112 


8.4155419 


.001677852 






597 


356409 


212776173 


24.4335834 


8.4202460 


.001675042 






598 


357604 


213847192 


24.4540885 


8.4249448 


.001672241 






699 


358801 


214921799 


24.4744765 


8.4296383 


.001669449 






600 


860000 


216000000 


24.4948974 


8.4848267 


.001666667 






601 


861201 


217081801 


24.5153013 


8.4390098 


.001663894 






602 


862401 


218167206 


24.5356883 


8.4486877 


.001661130 






603 


363609 


219256227 


24.5560583 


8.4483605 


.001658375 






604 


364816 


220348864 


24.5764115 


8.4530281 


.001055629 






605 


366025 


221445125 


24.5967478 


8.4576906 


.001652893 






606 


867236 


222545016 


24.6170673 


8.4623479 


.001650165 






607 


368449 


223648543 


24.6373/00 


8.4670001 


.001647446 






608 


369664 


224755712 


24.6576560 


8.4716471 


.001644737 






609 


370881 


225866529 


24.6779254 


8.4762892 


.001642036 






610 


372100 


226981000 


24.6981781 


8.4809261 


.001639344 






611 


373321 


228099131 


24.7184142 


8.4855579 


.001636661 






612 


374544 


229220928 


24.7386338 


8.4901848 


.001633987 






613 


375769 


230346397 


24.7588368 


8.4948065 


.001631321 






614 


876996 


231475544 


24.7790234 


8.4994233 


.001628664 






615 


378225 


232606375 


24.7991935 


8.5040360 


.001626016 






616 


379456 


283744896 


24.8193473 


8.5086417 


.001623377 






617 


380689 


234885113 


24.8394847 


8.5132436 


.001620746 






618 


381924 


236029032 


24.8596058 






/ 620 I 


S8S161 


237176659 


a4.ft7W\Q^ 


384400 


238328000 


a4.ft^y9rma 


\ .<5KSS5S3SKS«k 


— 



1^^ 



TABLfi V.^SQtJAilES, CuBttfl, fiTC. 



No. 



Squares. 



621 
622 
623 
6-^4 
625 
626 
627 
628 
629 

630 
631 
632 
633 
634 
635 
636 
637 
638 
639 

640 
641 
642 
643 
644 
645 
646 
647 
648 
649 

650 
651 
652 
653 
654 
655 
656 
657 
658 
659 

660 
661 
662 
663 
664 
665 
666 
667 
668 
669 




885641 
886884 
888129 
889376 
890625 
891876 
393129 
894384 
895641 

896900 
898161 
399424 
4.10689 
401956 
403225 
404490 
405769 
407044 
408321 

409600 
410681 
412164 
413449 
414736 
416025 
417316 
418609 
419904 
421201 

422500 
423801 
425104 
426409 
427716 
429025 
430336 
431649 
432964 
431281 

4a5600 
436921 
488214 
489569 
440696 
442225 
443556 
444889 
446224 
447561 

448900 
450241 
451584 
452929 
454276 
455625 
456976 
458329 
4596Si 
461041 

462400 
463761 
465124 



Cubes. 



239483061 
210641818 
211804367 
242970624 
214140625 
215314376 
246491883 
247673152 
218858180 

250047000 
251289591 
252485968 
253636137 
254840104 
256047875 
257259156 
258174853 
2S96910?2 
260^17119 

262144000 
263374721 
264609288 
265817r07 
267069984 
2683361^ 
269586136 
270810023 
272097792 
273359449 

274625000 
275894451 
277167808 
278445077 
279726264 
281011375 
282300116 
28359 J393 
281890312 
..286191179 

287496000 
288801781 
290117528 
291434217 
292751944 
291079625 
295108296 
296740963 
298077632 
299418309 

800763000 
802111711 
803464448 
801821217 
806182024 
807546875 
808915776 
810288733 
811665752 
813046889 

314432000 
315821241 
317214568 



Square 
Hoots. 



1^.9198716 
24.9399278 
24.9599679 
»4.9799920 
25.0UUUUU0 
26.0199920 
25.0399681 
25.0599^82 
25.0798724 

25.0996006 
25.1197134 
25.1896102 
25.1594913 
25.1793566 
25.1992063 
25.2190401 
25.2388589 
25.2586619 
25.2784493 

25.2962213 
25.3179778 
25.3377189 
25.3574447 
25.8771651 
25.3968502 
25.4165301 
25.4361947 
25.4558441 
25.47547^ 

25.4950976 
25.5147016 
25.5342907 
25.5538647 
25.5734237 
25.5929678 
25.6124969 
25.6320112 
25.6515107 
25.6709963 

25.6904652 
25.7099203 
25.7293607 
25.7467864 
26.7681975 
25.7875939 
25.8069758 
25.8263131 
25.8456960 
25.8650343 

25.8813582 
25.9036677 
25.9229628 
25.9422435 
25.9615100 
25.9807621 
26.0000000 
26.0192237 
26.0384331 
26.0576284 

26.0768096 
26.0959767 
26.1151297 

vftft 



Cube Roots. 



Reciprocals. 



6.5316009 
8.5361780 
8.5407501 
8.5463ir3 
8.5498797 
8. .644872 
8.6589899 
6.5635877 
8.5680807 

6.5^26169 
6.5771528 
8.5816809 
8.5862047 
8.5907238 
8.5952380 
8.5997476 
8.6012525 
8.6087526 
8.6132180 

8.6177888 
8.6222248 
8.6267063 
8.6311830 
8.6356561 
8.6401226 
8.6445865 
8.6490487 
8.6534974 
8.6579465 

6.6623911 
6.6668310 
8.6712665 
8.6756974 
8.6801287 
8.6845456 
8.6889680 
8.6938759 
8.6977848 
8.7021882 

8.7065877 
8.7109827 
8.7158784 
8.7197596 
6.7241414 
8.7285187 
8.7328918 
8.7372604 
8.7416246 
8.7459846 

6.7503401 
8.7546913 
8.7590863 
8.7683809 
8.7677192 
8.7720632 
6.7763830 
8.7807084 
6.7850296 
6.7893466 



.001610306 
.001607717 
.001605136 
.001602564 
.001600000 
.001597444 
.001594896 
.001592357 
.001580825 

.001567302 
.001584786 
.001582278 
.001579779 
.001577287 
.001574803 
.001572327 
.001569859 
.001567398 
.001564945 

.001562500 

.001560062, 

.001657632 

.001555210 

.001552795 

.001550388 

.001547968 

.001546595 

.001543210 

.001540832 

.001538462 
.001536098 
.001538742 
.001531894 
.001529052 
.001526718 
.001624890 
.001522070 
.001519757 
.001517451 

.001.515152 
.001612859 
.001510574 
.001506296 
.001506024 
.001508769 
.001601602 
.001499260 
.001497006 
.001494768 

.001402537 
.001490613 
.001468095 
.001486884 
.001483680 
.001481481 
.001479890 
.001477105 
.001474926 
.001472754 



CTJBE ROOTS, AND RECIPROCALS. 





No. 


Squares. 


Cubes. 


Square 
Roots. 


Cube Roots. Reciprocals. 




088 


466489 


818611987 


26.1342687 


8.8065722 


001464129 




98\ 


467856 


820013504 


26.1588937 


6.8108681 


001461968 




886 


469225 


821419125 


26.1725047 


8.8151596 


001459654 




686 


470596 


822828856 


26.1916017 


6.6194474 


.001457726 




687 


471969 


824242708 


26.2106846 


6.8237B07 


.001456601 




688 


473844 


825660672 


26.2297541 


6.8280099 


001458486 




689 


474721 


827062769 


26.2468095 


8.6822850 


001451879 




690 


476100 


826509000 


26.2678511 


8.8865559 


001^9275 
.001447178 




691 


477481 


829989371 


26.2868789 


8.8406227 




69S 


«78864 


881873886 


26.8058929 


8.^50654 


.001446067 


• 


693 


480249 


882812567 


26.3246982 


8.8493440 


.001448001 




691 


481636 


884255384 


26.8438797 


6.8535965 


.001440922 




695 


488025 


885702375 


26.3628527 


8.8578489 


.001438849 




696 


484416 


837163536 


26.3618119 


8.8620952 


.001436782 




697 


485809 


888608878 


26.4007576 


8.8663875 


.001434790 




696 


487204 


840068392 


26.4196896 


6.8705757 


.001432665 




699 


488601 


841582099 


26.4386081 


8.8748099 


.001430615 




700 


490000 


848000000 


26.4575181 


8.8790400 ^ 


.001428571 




TOl 


491401 


844472101 


26.4764016 


8.8832661 


.001426584 




702 


492801 


845948406 


26.4952826 


8.8874882 


.001424501 




703 


494209 


847428927 


26.5141472 


8.8917063 


.001422475 




704 


495616 


848913664 


26.5329963 


8.8959204 


.001420455 




705 


497025 


850402625 


26.5518361 


8.9001304 


.001418440 




706 


496436 


- 851895816 


26.5706605 


8.9048366 


.001416481 




707 


499649 


858393243 


26.5894716 


6.9065367 


.001414427 




706 


601264 


854894912 


26.6062694 


8.9127369 


.001412429 




709 


602681 


866400829 


26 6270539 


8.9169311 


.001410487 




no 


604100 


857911000 


26.6458252 


8.9211214 


.001408461 




711 


605521 


859425431 


26.6645633 


6.9253078 


.001406470 




712 


606944 


860944128 


26.6833261 


8.9294902 


.0014Q4494 




718 


606369 


862467097 


26.7020596 


8.9336687 


.001402625 




7:4 


609796 


863994341 


26.72a/VW 


8.9378433 


.001400560 




715 


611225 


865525875 


26.7394839 


8.9420140 


.001398601 




716 


512656 


867061696 


26.7561763 


8.9461809 


.001396646 




717 


514069 


868601813 


26.7768557 


8.9503436 


.001394700 




718 


615521 


870146282 


26.7956220 


8.9545029 


.001392758 




719 


516961 


871694959 


26.8141754 


6.9586581 


.001390821 




720 


518400 


378248000 


26.8828157 


8.9628095 


.001386889 




721 


519641 


874805361 


26.8514432 


8.9669570 


.(,01386963 




722 


621264 


876367046 


26.8700577 


6.9711007 


.001385042 




723 


622729 


3?r933067 


26.8886593 


8.9752406 


.001368126 




784 


524176 


379503424 


26.9072481 


8.9793766 


.001381215 




TO5 


525625 


881078125 


26.9258240 


8.9835069 


.001379310 




726 


627076 


882657176 


26.9443872 


8.9876873 


.001377410 




727 


528529 


864240583 


26.9629375 


8.9917620 


.001375516 




728 


629961 


885628352 


26.9814751 


8.9958829 


.001373626 




729 


531441 


387420489 


27.0000000 


9.0000000 


.001371742 




730 


532900 


389017000 


27.0185122 


9.00411&4 


.001369863 




731 


5S4361 


390617891 


27.0370117 


9.0082229 


.001367989 




732 


535824 


392223168 


27.0554965 


9.0123286 


.001366120 




783 


53?i89 


393832637 


27.0739727 


9.01&4309 


.001364256 




734 


538756 


895446904 


27.0924344 


9.0205293 


.001362396 




735 


540.:25 


397065375 


27.1108884 


9.0246239 


.001360544 




736 


541G96 


398688256 


27.1293199 


9.0287149 


.001358696 ■ 




737 


543169 


400315553 


27.14rr439 


9.0328021 


.001356852 




738 


544644 


401947272 


27.1661551 


9.0368857 


.001355014 




739 


546121 


403583419 


27.1845544 


9.0409655 


.001353180 




740 


547600 


405224000 


27.2029410 


9.0450119 


.001351351 




741 


549061 


406860021 


27.2213152 


9.0491142 1 


.001349526 




742 


650561 


406518466 


27.«aaft'i«a 


\ ^.«A\^\ \ 




/ ^^ 1 

1 744 1 


652049 
553586 


410172107 
411830784 


2r?.2BWK«a 

1 27.2rJ«aiB5W 







\^ 



Taple v.— SqtJARES, Cubes, Squahe Roots, 



No. 


Squares. 


Cubes. 


Square 
Boots. 


Cube Roots. 


Reciprocals. 


745 


555025 


413493625 


27.2946881 


9.0653677 


.001342282 


746 


556516 


415160936 


27.3180006 


9.0694220 


.001340483 


747 


558009 


416832723 


27.3313007 


9.0784726 


.001338688 


748 


559504 


418506992 


27.8495887 


9.0775197 


.001336898 • 


749 


561001 


420189749 


27.8678644 


9.0615631 


.001885113 


750 


562500 


421875000 


27.3861279 


9.0856080 


.001888888 


751 


564001 


423564751 


27.4043792 


9.0696392 


.001831556 


752 


565504 


425259006 


27.4226184 


9.0986719 


.001329787 


753* 


567009 


426957777 


27.4406455 


9.0977010 


.001328021 


754 


568516 


428661064 


27.4590604 


9.1017265 


.001326260 


755 


570025 


430868875 


27.4772688 


9.1057485 


.001324503 


756 


571536 


432061216 


27.4954542 


9.1097669 


.001822751 


757 


573049 


433798093 


27.5136880 


9.1137818 


.001321004 


758 


574564 


435519512 


27.5317998 


9.1177931 


.001319261 


759 


576081 


437245479 


27.5499546 


9.1218010 


.001817523 


760 


577600 


438976000 


27.5680975 


9.1258068 


.001316789 


761 


579121 


440711081 


27.5862284 


9.1298061 


.001314060 


762 


580644 


442450728 


27.6048475 


9.1888084 


.001312386 


763 


582169 


444194947 


27.62;.4546 


9.13'<79'71 


.001310616 


764 


583696 


445943744 


27.6405499 


9.1417874 


.001308901 


765 


585225 


447697125 


27.6586384 


9.1457742 


.001307190 


766 


586756 


449455096 


27.6767050 


9.1497576 


.001305488 


767 


588289 


451217663 


27.6947648 


9.1587875 


.001808781 


768 


589824 


452984832 


27.7128129 


9.1577139 


.001302068 


769 


591361 


454756609 


27.7806492 


9.1616869 


.001300390 


770 


592900 


456538000 


27.7488739 


9.1656566 


.001298701 


771 


594441 


458314011 


27.7668868 


9.1696225 


.001297017 


772 


595984 


460099648 


27.7848880 


9.1735852 


.001295837 


773 


597529 


461889917 


27.8028775 


9.1VV5445 


.001298661 


774 


599076 


463684824 


27.8206555 


9.1815003 


.001291990 


775 


600625 


465484375 


27.8888218 


9.1854527 


.001290323 


776 


602176 


467288576 


27.8567766 


9.1894018 


.001288660 


777 


6037^ 


469097433 


27.8747197 


9.1983474 


.001287001 


778 


605284 


470910952 


27.8926514 


9.1972897 


.001285347 


779 


606841 


472729139 


27.9105715 


9.2012286 


.001283697 


780 


608400 


474552000 


27.9284801 . 


9.2051641 


.001282061 


781 


609961 


476379541 


27.9463772 


9.2090962 


.001280410 


782 


611524 


478211768 


27.9642629 


9.2180250 


.001278772 


788 


613089 


480048687 


27.9621372 


9.2169505 


.001277189 


784 


614656 


481890304 


28.0000000 


9.2206726 


.001276510 


785 


616225 


483736625 


28.0178515 


9.2247914 


.001278886 


786 


617796 


4K5587656 


28.0356915 


9.2287068 


.001272265 


787 


619369 


4874434C3 


28.0535203 


9.2326189 


.001270648 


788 


620944 


489303872 


28.0713377 


9.2865277 


.001269036 


789 


622521 


491169069 


28.0691438 


9.2404883 


.001267427 


790 


6^100 


493039000 


28.1069886 


9.2443866 


.001266828 


791 


625681 


494913671 


28.1247222 


9.2482844 


.001264228 


792 


627264 


496798088 


28.1424946 


9.2621800 


.001262626 


793 


628849 


498677257 


28.1602557 


9.2560224 


.001261084 


794 


630436 


600566184 


26.1780056 


9.2509114 


.001269446 


795 


632025 


502459875 


28.1957444 


9.2687978 


.001267862 


796 


638616 


504358336 


28.2134720 


9.2678798 


.001286281 


797 


635209 


506261573 


28.2311884 


9.2715592 


.001264705 


798 


636804 


608169592 


28.2488938 


9.2754352 


.001268188 


799 


638401 


510062399 


28.2665881 


9.2793061 


.001251664 


800 


640000 


512000000 


26.2842712 


9.2881777 


.001260000 


801 


641601 


613922401 


26.8019434 


9.2870440 


.001248489 


802 1 


64820i 


615849608 


26.8196045 


9.2909072 


.001246888 


803 


644809 


6J7781627 


28.8372546 


9.2947671 


.001245880 


804 / 


646416 I 


6J9718464 


28.d548Q3B 


«.^i»@«S»9 


.001948781 


805 
806 1 


648025 


621660125 


28. 3725219 


\ ft.^WMTl^ 


649636 


523606616 


28.3901SQ1 


\ ft.?«e3ar» 



114 A 



CUBE IIOOTS, AND RfiClPllOCALS. 





No. 


JBquares. 


Cubes. 


Square 
Boots. 


Cube Roots. 


Beciprocals. > 


807 


651249 


525557943 


28.4077454 


9.3101750 


.001239157 


808 


652864 


627514112 


28.4253408 


9.3140190 


.001237624 


809 


, 654481 


629475129 


28.4429253 


9.3178599 


.001236094 


810 


656100 


631441000 


28.4604969 


9.3216975 


.001234568 


811 


667721 


633411731 


28.4780617 


9.3255320 


.001233046 


i 812 


659344 


535387328 


28.4956137 


9.3293634 


.001231527 




818 


660969 


537867797 


28.5131549 


9.3331916 


.001230012 




814 


662596 


639353144 


28.5306852 


9.3370167 


.001228501 




815 


664225 


641343875 


28.5482048 


9.3408386 


.001226994 




816 


665856 


648398496 


28.5657137 


9.3446575 


.001225490 




817 


667489 


545388513 


28.5832119 


9.3484731 


.001223990 




818 


669124 


647343482 


. 28.6006993 


9.3522857 


.001222494 




819 


670761 


649353259 


28.6181760 


9.3560952 


.001221001 




820 


672400 


651368000 


28.6356421 


9.3599016 


.001219512 




821 


674041 


653387661 


28.6530976 


9.3637049 


.001218027 




822 


675684 


555412248 


28.6705424 


9.3675051 


.001216545 




823 


67rd29 


557441767 


28.6879766 


9.8713022 


.001215067 




824 


678976 


559476224 


28.7054002 


9.3750963 


.001213592 




825 


680625 


561515625 


28.7228132 


9.3788873 


.001212121 




826 


682276 


663559976 


28.7402157 


9.3826752 


.001210654 




827 


683929 


565609283 


28.7576077 


9.3864600 


.001209190 




828 


685584 


567663552 


28.7749891 


9.3902419 


.001207729 




829 


687241 


669722789 


28.7923601 


9.3940206 


.001206273 




830 


688900 


571787000 


28.8097206 


9.3977964 


.001204819 




831 


690561 


673856191 


28.8270706 


9.4015691 


.001208369 




832 


692224 


675930368 


28.8444102 


9.4053387 


.001201923 




833 


693889 


678009537 


28.8617394 


9.4091054 


.001200480 




834 


695556 


680093704 


28.8790582 


9.4128690 


.001199041 




835 


697225 


682182875 


28.8963666 


9.4166297 


.001197605 




836 


698896 


584277056 


28.9136646 


9.4203873 


.001196172 




837 


700569 


586376253 


28.9309523 


9.4241420 


.001194743 




838 


702244 


588480472 


28.9482297 


9.4278936 


.001193317 




839 


703921 


690589719 


28.9654967 


9.4316423 


.001191895 




840 


705600 


592704000 


28.9827535 


9.4858880 


.001190476 




841 


707281 


694823321 


29.0000000 


9.4391307 


.001189061 




&I2 


708964 


696947688 


29.0172363 


9.4428704 


.001187648 




843 


710649 


699077107 


29.0344623 


9.4466072 


.001186240 




844 


712336 


601211584 


29.0516781 


9.4503410 


.001184834 




845 


714025 


603351125 


29.0688837 


9.4540719 


.001183432 




846 


715716 


605495736 


29.0860791 


9.4577999 


.001182083 




847 


717409 


607645423 


29.1032644 


9.4615249 


.001180638 




848 


719104 


609800192 


29.1204396 


9.4652470 


.001179245 




849 


720801 


611960049 


29.1376046 


9.4689661 


.001177856 




850 


722500 


614125000 


29.1547595 


9.4726824 


.001176471 




851 


724201 


616295051 


29.1719043 


9.4763957 


.001175088 




852 


725904 


618470208 


29.1890390 


9.4801061 


.001178709 




853 


727609 


620650477 


29.2061637 


9.4838136 


.001172333 




851 


729316 


622835864 


29.2232784 


9.4875182 


.001170960 




855 


731025 


625026375 


29.2403830 


9.4912200 


.001169591 




856 


732736 


627222016 


29.2574777 


9.4949188 


.001168224 




857 


734449 


629422793 


29.2745623 


9.4986147 


.001166861 




858 


736164 


631628712 


29.2916370 


9.5023078 


.001165501 




859 


737881 


633839779 


29.3087018 


9.5059980 


.001164144 




860 


739600 


636056000 


29.3257566 


9.5096854 


.001162791 




861 


741321 


638277381 


29.3428015 


9.5183699 


.001161440 




862 


743044 


640503928 


29.3598365 


9.5170515 


.001160093 




863 


744769 


642735647 


29.3768616 


9.5207303 


.001158749 




864 


746496 


644972544 


29.3938769 


9.5244063 


.001157407 




865 


748225 


647214625 


29.4108823 


9.5280794 


.001156069 




866 


749956 


649461896 


29.42787-79 


, 9.5a\t4<^ 






867 


751689 


651714363 






/ 868 ! 


753424 


653972032 



\^^ 



Table V.— Squares, Cubes, Squaue Roots, 



No. 


Squares. 


869 


755161 


870 


756900 


871 


758641 


872 


760364 


878 


762129 


m 


763876 


875 


765625 


876 


767376 


877 


769129 


878 


770884 


879 


772641 


880 


774400 


881 


776161 


882 


77'/924 


883 


779689 


884 


781456 


885 


783225 


886 


784996 


887 


786769 


888 


788544 


889 


790321 


890 


792100 


891 


793881 


892 


795664 


898 


797449 


894 


799236 


895 


801025 


896 


802816 


897 


804609 


896 


806404 


899 


806201 


900 


810000 


901 


811801 


902 


813604 


903 


815409 


904 


817216 


905 


819025 


906 


820836 


907 


822649 


906 


824464 


909 


826261 


910 


828100 


911 


829921 


912 


831744 


913 


883569 


914 


835396 


915 


837225 


916 


839056 


917 


840689 


918 


842724 


919 


844561 


920 


846400 


921 


848241 


922 
923 


860064 
851929 



Cubei^. 



Square 
Hoots. 



Cube Roots. Reciprocals. 



853776 
855625 
857476 
859329 
861184 
863041 
864900 



656234909 

658503000 
660776311 
663054848 
665338617 
667627624 
669921876 
672221376 
674526183 
676836162 
679151489 

681472000 
683797841 
686128968 
688465387 
690807104 
693154125 
695506456 
697864103 
700227072 
702595369 

70496900& 
707347971 
709732288 
712121957 
714516964 
716917375 
719323136 
721734273 
724150792 
726572699 

729000000 
731432701 
733870608 
736314327 
738763264 
741217625 
743677416 
746142643 
748613312 
751069429 

753571000 
756058031 
758550528 
761048497 
763551944 
766060875 
76a575296 
771095213 
773620632 
776151559 

778688000 

781229961 

783777448 

786330467 

788889024 

791453125 

794022776 

796597983 

799178752 

801765089 

804367000 



29.4788059 

29.4957624 
29.5127091 
29.5296461 
29.5465734 
29.5634910 
29.5803989 
29.5972972 
29.6141858 
29.6310648 
29.6479342 

29.6647939 
29.6816442 
29.6984848 
29.7153159 
29.7821375 
29.7489496 
29.7657521 
29.7825452 
29.7993289 
29.8161090 

29.8328678 
29.8496231 
29.8663690 
29.8831056 
29.8998328 
29.9165506 
29.9332591 
29.9499583 
29.9666481 
29.9833287 

30.0000000 
30.0166620 
30.0333148 
30.0499584 
30.0665928 
30.0832179 
80.0998339 
80.1164407 
80.1330383 
30.1496269 

30.1662063 
30.1827765 
30.1993377 
30.2158899 
30.2324329 
30.2489669 
30.2654919 
30.2820079 
30.2985148 
30.3150128 

30.3315018 

30.3479818 

30.3644529 

30.3809151 

30.3973683 

30.4138127 

80.4302481 

30.4466747 

30.4630924 

30.4795013 

80.4959014 



9.5427437 

9.5464027 
9.5500589 
9.5537123 
9.5578630 
9.5610108 
9.5646550 
9.5682962 
9.5719377 
9.5755745 
9.5792066 

9.5828397 
9.5864682 
9.5900939 
9.5937169 
9.5973373 
9.6009548 
9.6046696 
9.6081817 
9.6117911 
9. 6153977 

9.6190017 
9.6226030 
9.6262016 
9.6297975 
9.6333907 
9.6369812 
9.6405690 
9.6441542 
9.6477367 
9.6513166 

9.6548938 
9.6584684 
9.6620403 
9.6656096 
9.6691762 
9.6727403 
9.6763017 
9.6798604 
9.6834166 
9.6869701 

9.6905211 
9.6940694 
9.6976151 
9.7011583 
9.7046989 
9.7082369 
9.7117723 
9.7153051 
9.7188354 
9.7223631 

9.7258883 
9.7294109 
9.7329309 
9.7364484 
9.7399634 
9.7434758 
9.7469857 
9.7504930 

9.7?a»m 



.001150748 

.001149425 
.001148106 
.001146789 
.001145475 
.001144165 
.001142857 
.001141553 
.001140251 
.001138952 
.001137656 

.001136364 
.001135074 
.001133787 
.001132503 
.001131222 
.001129944 
.001128668 
.00112ra96 
.001126126 
.001124859 

.001123596 
.001122334 
.001121076 
.001119821 
.001118568 
.001117318 
.001116071 
.001114827 
.001113586 
.001112847 

.001111111 
.001109678 
.001108647 
.001107420 
.001106195 
.001104972 
.001103753 
.001102536 
.001101322 
.001100110 

.001098901 
.001097695 
.001096491 
.001095290 
.001094092 
.001092896 
.001091708 
.001090518 
.001069825 
.001068139 

.001066957 
.001065776 
.001084599 
.001068423 
.001062251 
.001061061 
.001079914 
.001078749 
.«M<yr?886 



1 A(\ 



i 



/ SI Si S\I'^\'^ 



Tablk v.— Squares, Cubkh, SquutB Boots, 



N.. 


s,™. 


cubM.- 


'■=• 


CubeKooIs. a 


.p™... 




B93 


986049 


979140857 


31B1190S5 


9-9700180 


001007049 








BBSIOTTM 


SI -5377055 


9.9799599 






895 




983074S75 


si.MJMiaoo 








m 
















9tH009 








001003009 




999 


998004 


9940II993 


ai! 5911380 
31.«00»(!13 


gS 


001003004 




1000 


lOOODW 




81.6237786 










1003001 






0.0088323 










looeoisoos 


Si:85488Sli 


0.0008022 












81.8701753 


0.0099899 






ifm 






31.6859590 










oiooai 








0009950249 








101810831a 


31 : 7115080 




3009910^ 








1021141343 


31.7303033 


oiosarro! 












81.7190157 


0,0365958 








lOIWftl 












oil 


loaoioo 


103J.M1000 
1033364331 


31.79Sa«a 


0.0864330 


00^(197 












0.0398110 
















0009871668 




014 


0«8196 


1012300744 


ai!3i338ea 




0009W1933 






0303« 


1015678375 


31,8690MB 


0.0197521 


3000853217 










81.8747549 


0,0580511 




















101 H 


0311324 




81^9081 138 


a!o5984a5 








osaMi 


Htt«998S9 


ai. 9317794 


o.oaasBoi 


0009813513 








106130S000 


31.9374883 


O.0663ST1 


0009803923 


















on 


044194 








0009784730 




<B3 


0403*9 


ESS 


8i:9S43713 
M.iiOOOOOO 


Is 


J009I75in 




















OS^TS 








000974e^89 




0i7 


054723 






loloSBSOlfl 


WOOJSTOSS 




OM 




10?USr39M 


a!;o«3i,wi 


10.09347.55 




























loiooooioa 


0009708738 




OSl 


10&!M1 


109S913791 


83-1091837 


10.10938^ 








10630*4 


10119101768 






00 96899'^ 


























]0!ll3O72S 


0009671 180 




OSS 


lOTl-m 


110S7TO75 


aB;i7U159 


10,1163314 


0009661888 






10^396 


1111834S56 


33.1869539 


lo.nsasM 
















1000643303 












10'l350»8 


00096839 n 




mm 






33:i!33.1M0 


10 138W07 


00096316M 




iwo 


1081600 


1134881000 


33.3100310 






























o'. 880845 








10S7W9 


lIMfiaiisO? 


K.aowios 


0,113300 


3009587738 




low 


1»J0J6 












1047 


im'-™ 


iH-wea 


32.a'.7:i7in 


1510406 
10 1642714 


3009tiC02a9 




1048 


10083M 




aa.37-j*si 


















0009533883 




s / 


iiosseo 

1104601 


II800;»B1 


S!J,419m 


jo! 1039686 
10.1071893 


0009S23810 
0009514748 






iioam 






\ vs.vmM \ 








"<»«» / 


IIH7575877 


aa.WJWis 




'\ 


~ 


iijime ! 




s:i.4t»aQea 


\ iQ.i-itesft \ 


,'»*ft«mt» \ 



Tablb VI. — Deflection Angles for a Spiral when 

THE Chord = Bi -i- 60. 



Sta.0 


Sta. 1 


Sta. 2 


Sta. 3 


^ta. 4 . 


Sta. 5 


Sta. 6 


Sta. 7 




K = 60C 


ft = 80C 


2?=20C 


2? = 150 


R = 12C 


R=10C 


22=8.60 
9«» 32' 


In.s.at0 


0» 29' 


lo 12/ 


2« 14' 


8«» 85' 


50 15' 


70 14' 


0»00' 


Ins. at 1 


1 26 


2 88 


4 08 


5 58 


8 07 


10 85 


00 


48 


Ins. at 2 


8 06 


4 46 


6 46 


9 04 


11 42 


00 


53 


2 01 


Ins. at 3 


5 26 


7 84 


10 02 


12 49 


00 


1 02 


2 23 


4 04 


Ins. at 4 


8 21 


10 59 


13 55 


00 


1 12 


2 42 


4 82 


6 41 


Ins. at 5 


11 56 


15 02 


00 


1 21 


3 01 


5 01 


7 20 


9 57 


Ins. at 6 


16 09 


00 


1 81 


3 21 


5 80 


7 58 


10 45 


IS 51 


Ins. at 7 



Table VII, — Radii, Frog Angles, and Frog Distances 
FOR GIVEN Number of Frog. 



No. of 
Frog. 


Radius. 


Frog 
Angle. 


Frog 
Distance. 


No, of 
Frog. 


Radius. 


Frog 
Angle. 


^i'rog 
Disiaicf. 


2 

4 


Feet. 

37.66 

58.85 

^4.75 

115.a5 

150.67 

190.67 

235.41 


28«» 04' 
22 87 
18 55 
16 16 
14 15 
12 41 
11 25 


Feet. 
18.83 
23.54 
28.25 
32.96 
87.66 
42 87 
47.08 


5 

8 


Feet. 

235.41 

284.83 

338.99 

897.83 

461 .39 

529.65 

602.63 


11 «» 25' 
10 23 
9 32 
8 48 
8 10 
7 38 
7 09 


Fett. 
47.08 
51.79 
56.50 
61.20 
65.91 
70.62 
75.33 



Table VIII. — Frog Angles and Frog Distances for 

GIVEN Radius. 



/ 



Ra- 
dius. 



Feet. 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
60 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



Frog 
Angle. 



29«» 04' 

28 41 

28 19 

27 57 

27 36 

27 16 
26 57 
26 88 
26 20 
26 03 

25 46 

26 29 
25 13 
24 57 
24 42 
24 28 
24 14 
24 01 
23 48 
23 85 

28 22 
23 10 
22 58 
22 46 
22 35 
22 24 



Frog 
Dis- 
tance. 



/ 



Feet. 
18.15 
18.41 
18.67 
18.92 
19.16 
19.40 
19.65 
19.89 
20.12 
20.36 
20.59 
20.81 
21.04 
21.26 
21.48 
21 70 
21.92 
22.13 
22.34 
22.55 
22.76 
22.96 
23.17 
23.37 
23.57 
23.77 



Ra- 
dius. 



Feet. 
60 
61 
62 
63 
64 
66 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 



Frog 
Angle. 


Frog 

Dis. 

tance. 






Feet. 


22«» 


24' 


23.77 


22 


13 


23.96 


22 


03 


24.16 


21 


52 


24.36 


21 


42 


24.55 


21 


33 


24.74 


21 


23 


24.93 


21 


13 


26.12 


21 


04 


26.30 


20 


56 


26.49 


20 


47 


25.67 


20 


38 


25.86 


20 


30 


26.04 


20 


21 


26.22 


20 


13 


26.40 


20 


05 


26.57 


19 


57 


26.75 


19 


60 


26.93 


19 


42 


27.10 


19 


35 


27.27 


19 


28 


27.44 


19 


21 


27.62 


19 


14 


27.79 


19 


07 


27.96 


19 


00 


28.12 


18 


53 


28.29 



Ra- 
dius. 



\ 



Feet. 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

100 

106 

110 

115 

120 

125 

130 

135 

140 

146 

150 



Frog 
Angle. 



W'"" \ 



18** 63' 

18 47 

18 40 

18 34 

18 28 

18 22 

18 16 

18 10 

18 04 

17 59 

17 53 

17 47 

17 42 

17 87 

17 32 

17 26 

17 01 

16 88 

16 17 

15 56 

16 37 
15 19 
15 02 
14 46 
14 81 



Frog 
Dis- 
tance. 



Feet. 

28.29 

28.46 

28.62 

28.79 

28.95 

29.11 

29.27 

29.43 

29.59 

29.76 

29 91 

30.07 

30.23 

30.38 

30.53 

30.69 

31.44 

32.18 

32 91 

33.62 

34.31 

34.99 

85.66 

86.31 

86.96 



1^^ 



i 



Table IX.->Useful Numbbbs akd Fomsxrua. 



Title. 



Ratio of circumference to diameter. 
Beciprocal of same 



Degrees in arc of length equal to.radius. . . , 



Minutes 



It 



Seconds " 



(I 



(( 



tt i( li 



ii i( 



li 



Symbol. 



Length of 1* arc, radius unity. 



Length of 1' arc, 



Length of 1' arc, 



II II 



II 



II 



Radius hy which 1 foot of arc = 1 degree. 
Radius *' " A " '* = 1 minute. 
Radius " " t*w " " = 10 seconds 

Factors for dividing a line into extreme ) 
and mean ratio 



\ 



Base of hyperbolic logarithms 

Modulus of common system of logs. = log £ 

Reciprocal of same = hyp. log. 10 

Length of seconds pendulum at New York 
in inches 

Length of seconds pendulum at New York 
in ieet 

Acceleration due to gravity at New York. . . 

Square root of same 

Yards in 1 metre 

Feet in 1 " 

Inches in 1 " 

'Metres In 1 foot 

Metres in 1 yard 

Metres ia 1 mile. 



}_ 

IC 

180^ 

TC 

loeoy 

648000* 

It 

180^ 

n 

loeoo 

It 



648000 






g 






Number. 



8.1415827 
0.8188099 

57.295780 

8437.7468 

206264.81 

.01745329 

.00029069 

.000004848 

57.295780 
343.77468 
206.26481 

0.6180840 
0.3819660 

2.7182818 

0.4342945 
2.3025851 

89.11256 

3.25938 
82.1688 
6.67175 

1.093623 
8.280869 
89.37043 
0.804797 



Loga- 
rithm. 



0.4971499 
0.5028501 

1.7581226 

8.5362739 

5.3144251 

8.2418774 

6.4637261 

4.6855749 

1.7581226 
2.5362739 
2.3144251 

9.7910124 
9.5820248 

0.4342945 

9.6377843 
0.3622157 

1.5928162 

0.5131350 
1.5074347 
0.7537173 

0.0388676 
0.5159889 
1.5951701 
9.4840111 
9.9611324 



x 



\^^.^^\%.'3!»(fe/ej^ 



^ 



•WA. 



Table IX. — Useful Numbers and Formul.i^. 



Title. 


Symbol. 


Number. 


Loga- 
rithm. 


Cubic inches in 1 U. S. gallon 




231. 


2.3636120 


" »» *i 1 Imperial eallon 




277.274 


2.4429092 


" " *' 1 U.S. bushel... 




2150.42 
0.133681 


3.3325233 


Cubic feet In 1 U. S. srallon 


9.1260683 


'* " ** 1 Imperial gallon 




0.1G0459 


9.2053655 


*' " " 1 U. S. bushel 


1. 2444.56 


0.0949796 


Weight of 1 cub. foot of water, barom. 30 in. 








ther. 39*».83 Fah. ; pounds. . 




62.379 


1.7950384 


" 62* 




62.321 


1.7946349 


Weight in grains, 1 cubic inch, at 62° Fah. . 




252.458 


2.4021892 


No. of crrains in 1 pound avoir 




7000 


3.8450980 


" " '* 1 ounce " 




437.5 


2.6409781 







r = radius of circular arc ; 

I = length of arc ; 

a* = ■ degrees in same arc. 



a<» = 



r — — 



r ' n 
I 180* 



7t 



I = 



a'^r . 



7t 



a' . 



Radius by which the length of chord c in feet = ^ in minutes; 



r = 



10 sin 1^' 



1 



Hyp. log X = com. log a; x -i , or 

M 

com. log (hyp. log x) = com, log (com. log x) + 0.362215t 
Com. log X = M X hyp. log x ; or 

com. log (com. log x) = 9.6377843 -f- com. log (hjrp. log x) 

Circumference of circle (radius = r) , 2;rr 

Area of circle 7tr^ 



Area of sector (length of arc = I). 
Area of sector (angle of arc = a*>). 



360 



Wr 



Tfr^ 



Approximate area of segment (chord = c, m.Vd. ord. = TfCj ^AF!«^ 



\AV\ 



